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1.1 Introduction

The standard 2D Boussinesq equation can be written as

(1.1)


−→u t +

−→u · ∇−→u = −∇p+ ν∆−→u + θ−→e 2,
∇ · −→u = 0,
θt +

−→u · ∇θ = κ∆θ,

where −→u denotes the 2D velocity field, p the pressure, θ the temperature in the content of
thermal convection and the density in the modeling of geophysical fluids, ν the viscosity,
κ the thermal diffusivity, and −→e 2 is the unit vector in the vertical direction.

The Boussinesq equations model large scale atmospheric and oceanic flows that are
responsible for cold fronts and the jet stream (see the books by A.E. Gill [28], J. Pedlosky
[45], A. Majda [38] and others). In addition, the Boussinesq equations also play an
important in the study of Rayleigh-Benard convection (see, e.g., the series of papers by
P. Constantin and C. Doering [18]).

Mathematically the 2D Boussinesq equations serve as a lower-dimensional model of
the 3D hydrodynamics equations. In fact, the 2D Boussinesq equations retain some
key features of the 3D Euler and Navier-Stokes equations such as the vortex stretching
mechanism. The inviscid 2D Boussinesq equations are identical to the Euler equations for
the 3D axisymmetric swirling flows. The fundamental issue of whether classical solutions
to the 3D Euler and Navier-Stokes equations can develop finite time singularities remains
outstandingly open and the study of the 2D Boussinesq equations may shed light on this
extremely challenging problem.

In order to model anisotropic Boussinesq flows (the viscosity and the thermal dif-
fusivity are different in the horizontal and vertical directions), (1.1) should be written
as

(1.2)


ut + uux + vuy = −px + ν1 uxx + ν2 uyy,
vt + uvx + vvy = −py + ν1 vxx + ν2 vyy + θ,
ux + vy = 0,
θt + uθx + vθy = κ1 θxx + κ2 θyy,

where u and v are the horizontal and vertical components of −→u , ν1 ≥ 0, ν2 ≥ 0, κ1 ≥ 0
and κ2 ≥ 0. (1.2) is called anisotropic Boussinesq equations.

A different type of generalization is to replace the Laplacian by fractional Laplacian,
namely

(1.3)


−→u t +

−→u · ∇−→u = −∇p− ν(−∆)α−→u + θ−→e 2,
∇ · −→u = 0,
θt +

−→u · ∇θ = −κ(−∆)βθ

where 0 < α, β ≤ 1. This system will be called fractional Boussinesq equations.
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We consider the initial-value problems (IVPs) of the equations in (1.2) and in (1.3)
with the initial data

−→u (x, y, 0) = −→u 0(x, y), θ(x, y, 0) = θ0(x, y).

Attention is focused on the global regularity issue: Do these IVPs have a global solution
for sufficiently smooth data (−→u 0, θ0)?

The global regularity problem on the 2D Boussinesq equations has attracted consid-
erable attention recently from the PDE community. Here are some of the people who
have worked on it: H. Abidi, D. Adhikari, J.R. Cannon, C. Cao, D. Chae, P. Constantin,
R. Danchin, E. DiBenedetto, W. E, T. Hmidi,T. Hou, S. Keraani, S.-K. Kim, A. Larios,
C. Li, E. Lunasin, C. Miao, H.-S. Nam, M. Paicu, F. Rousset, C. Shu, E.S. Titi, V.
Vicol, J. Wu, X. Xu, L. Xue, to name just a few.

Our lecture will be mainly divided into two large parts: the anisotropic Boussinesq
equations and the fractional Boussinesq equations. The part for the anisotropic Boussi-
nesq equations will include the following seven cases: 1) ν1 = ν2 = κ1 = κ2 = 0 (inviscid
Boussinesq); 2) ν1 > 0, ν2 > 0, κ1 > 0 and κ2 > 0 (dissipation and thermal diffusion);
3) ν1 > 0, ν2 > 0, κ1 = κ2 = 0 (dissipation but no thermal diffusion); 4) κ1 > 0, κ2 > 0,
ν1 = ν2 = 0 (thermal diffusion but no dissipation); 5) ν1 > 0 (horizontal dissipation
only); 6) κ1 > 0 (horizontal thermal diffusion only); 7) ν2 > 0 and κ2 > 0 (vertical
dissipation and vertical thermal diffusion). The recent global regularity result of Cao
and Wu [9] on the 2D Boussinesq equations with vertical dissipation will be detailed.
The second large part will summarizes recent work on the 2D Boussinesq equations with
dissipation given by a fractional Laplacian and presents the work of Chae and Wu on
the global regularity of a generalized 2D Boussinesq formulation with a singular velocity
[16]. Most of my papers can be found on my website:

http://www.math.okstate.edu/∼jiahong/publications.html

In addition, the book by C. Miao, J. Wu and Z. Zhang [41] would also be very helpful
in preparing one for the materials presented here.

1.2 Models

This section explains how the primitive equations, the 2D incompressible Boussinesq
equations and the surface quasi-geostrophic (SQG) equation can be formally derived
from the 3D rotating Boussinesq equations.

Fluid flows in atmosphere and ocean have two distinctive features: rotation and strat-
ification. The simplest model that contains both features is the 3D rotating Boussinesq
equation: 

∂tu⃗+ u⃗ · ∇u⃗+ f e⃗3 × u⃗ = ν∆u⃗− 1
ρb
∇p+ ρg e⃗3,

∇ · u⃗ = 0,

∂tρ+ u⃗ · ∇ρ = κ∆ρ,

(1.4)
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where f = 2Ω sinϕ with Ω being the angular frequency of planetary rotation and ϕ
the latitude, ρb is a constant for reference density, e⃗3 = (0, 0, 1), f e⃗3 × u⃗ represents the
Coriolis forcing. More explicitly, if u⃗ = (u, v, w), then

f e⃗3 × u⃗ = f

−v
u
0


and (1.4) becomes

∂tu+ u∂xu+ v∂yu+ w∂zu− fv = ν∆u− 1
ρb
∂xp,

∂tv + u∂xv + v∂yv + w∂zv + fu = ν∆v − 1
ρb
∂yp,

∂tw + u∂xw + v∂yw + w∂zw = ν∆w − 1
ρb
∂zp+ ρg,

∂xu+ ∂yv + ∂zw = 0,

∂tρ+ u∂xρ+ v∂yρ+ w∂zρ = κ∆ρ.

(1.5)

For atmospheric and oceanic flows in the mid-latitude, the w−equation can be simpli-
fied. The terms involving w in the w−equation are small and the w-equation is reduced
to

(1.6)
1

ρb
∂zp− ρg = 0.

This is the so called the hydrostatic balance. (1.6) provides a special solution of (1.5). In
fact, u⃗ = 0 with p and ρ satisfying (1.6) solves (1.5). The system of equations containing
the u-equation, the v-equation in (1.5) and

1

ρb
∂zp− ρg = 0,

∂xu+ ∂yv + ∂zw = 0,

∂tρ+ u∂xρ+ v∂yρ+ w∂zρ = κ∆ρ

are called the primitive equations. The primitive equations have been studied by many
authors (see, e.g. [37], [7]).

If f ≡ 0, (1.5) becomes the 3D Boussinesq equations without rotation. If f ≡ 0 and
all physical quantities are independent of z, then (1.5) reduces to the 2D Boussinesq
equations, which read

∂tu+ u∂xu+ v∂yu = −∂xp+ ν∆u,

∂tv + u∂xv + v∂yv = −∂yp+ ν∆v + θ,

∂xu+ ∂yv = 0,

∂tθ + u∂xθ + v∂yθ = κ∆θ.

Under some circumstances, the 3D rotation Boussinesq reduces to the surface quasi-
geostrophic (SQG) equation. The Rossby number indicates the ratio of the inertial to
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the strength of rotation. In low-pressure systems, the Rossby number is small and the
balance is between Coriolis and pressure forces, namely

f e⃗3 × u⃗ = − 1

ρb
∇p.

This is the so-called geostrophic balance. In terms of their components,

f

(
−v
u

)
= − 1

ρb

(
∂xp
∂yp

)
or simply f ρb u⃗H = ∇⊥p. After ignoring the dissipation and removing the geostrophic
balance from (1.5),

∂tu+ u∂xu+ v∂yu = 0,

∂tv + u∂xv + v∂yv = 0.

Then, ω = ∂xv − ∂yu satisfies

(1.7) ∂tω + u∂xω + v∂yω = 0,
Dω

Dt
= 0.

In terms of the stream function ψ,

ω = ∆ψ = ∂2xψ + ∂2yψ +
∂

∂z

((
f

N

)2
dψ

dz

)
where N =

√
−g∂zρ̄ denotes the the buoyancy frequency. (1.7) indicates that, if ω

is a constant initially, it remains a constant. Suppose that ω0 = 0 and re-scaling the
z−component, we find that

∆ψ = 0.

In addition, for small Rossby number and through re-scaling,

ρ =
∂ψ

∂z
and

∂tρ+ u∂xρ+ v∂yρ = 0 or
Dρ

Dt
= 0.

Lemma 1.2.1. If g is a bounded smooth function in Rd, then{
∆ψ = 0 Rd × R+

ψ = g Rd

has a bounded smooth solution ψ, and

∂ψ

∂z

∣∣∣
z=0

= (−∆)
1
2 g on Rd

Applying this lemma and writing θ for ρ, we obtain{
∂tθ + u∂xθ + v∂yθ = 0

u = ∇⊥ψ, (−∆)
1
2ψ = θ,

which is the SQG equation.
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1.3 The inviscid 2D Boussinesq equations

This section provides some existing results on the global regularity problem concerning
the inviscid 2D Boussinesq equations. Recall that the inviscid 2D Boussinesq equations
are given by 

∂tu⃗+ (u⃗ · ∇⃗)u⃗ = −∇⃗p+ θe⃗2,

∇ · u⃗ = 0,

∂tθ + (u⃗ · ∇⃗)θ = 0,

(1.8)

where e⃗2 denotes the unit vector in the vertical direction. The issue is whether or not
(1.8) has a global solution when supplemented with a reasonably “regular” data,

u⃗(x, 0) = u⃗0(x), θ(x, 0) = θ0(x).

The global regularity problem for a general data is currently open. In fact, the inviscid
Boussinesq can be identified with the 3D axisymmetric Euler with swirl. Recall the 3D
axisymmetric Euler equations

uθt + (ur∂r + uz∂z)u
θ +

uruθ

r
= 0,

D̃

Dt
(ruθ) = 0,

D̃

Dt
(ruθ)2 = 0

where D̃
Dt

= ∂t + (ur∂r + uz∂z). The swirl component of the vorticity ωθ satisfies

D̃

Dt

(
ωθ

r

)
= − 1

r4
∂z(ru

θ)2

While the 2D Boussinesq is given by, with D
Dt

= ∂t + u · ∇

D

Dt
θ = 0,

D

Dt
ω = −∂x1θ.

We do have local well-posedness and several regularity criteria (see, e.g., W. E and
C. Shu [27], D. Chae and H. Nam [15], Chae, S. Kim and H. Nam [14], R. Danchin [22]).

Theorem 1.3.1. Assume u0 ∈ Hs(R2) and θ0 ∈ Hs(R2) with s > 2. Then there is
T = T (||(u0, θ0)||Hs) > 0 such that the 2D inviscid Boussinesq has a unique solution
(u, θ) ∈ C([0, T ];Hs). Furthermore, if∫ T ∗

0

||∇u||L∞ dt < +∞ or

∫ T ∗

0

||∇θ||L∞ dt < +∞,

then the local solution can be extended to [0, T ∗].

The local well-posedness can be easily established through the standard ODE theory
such as the contraction mapping principle or successive approximation. We remark that
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s > 2 appears to be necessary and it is not clear whether or not the local well-posedness
can be obtained in the borderline spaceH2. The main reason is thatH1 is not necessarily
embedded in L∞. A recent work of Chae and Wu partially addressed this issue (see [17]).
In the following we provide the proof for the regularity criteria and start with several
simple facts.

The first fact is a commutator estimate (see, e.g., Kenig, Ponce and Vega [34]). For
any s ∈ R, we write

Jsf = (1−∆)
s
2f or Ĵsf(ξ) = (1 + |ξ|2)

s
2 f̂(ξ).

Lemma 1.3.1. Let s > 0 and 1 < p <∞. Then

∥Js(fg)∥Lp ≤ C (∥f∥W s,p1∥g∥Lp2 + ∥g∥W s,p3∥f∥Lp4 ) ,

∥Js(fg)− fJsg∥Lp ≤ C (∥f∥W s,p1∥g∥Lp2 + ∥g∥W s−1,p3∥∇f∥Lp4 ) ,

where 1
p
= 1

p1
+ 1

p2
= 1

p3
+ 1

p4
with p2, p4 ∈ [1,∞] and p1, p3 ∈ (1,∞), and C’s are

constants depending on s, p, p1, p2, p3 and p4. In addition, these inequalities remain valid
when Jsf is replaced by Λsf , where

Λ̂sf(ξ) = |ξ|sf̂(ξ).

The next lemma bounds the Lq-norm of the solution to a simple transport equation.

Lemma 1.3.2. Let T > 0 and let q ∈ [1,∞]. Assume that ω0 ∈ Lq(Rd) and f ∈
L1([0, T ];Lq(Rd)) f ∥



Proof of Lemma 1.3.3. This lemma can be easily proven via the Littlewood-Paley de-
composition and Besov space techniques. Writing

∇u =
∞∑

j=−1

∆j∇u,

we have, by the fact that ∥∆j∇u∥L∞ ≤ C∥∆jω∥L∞ for any j ≥ 0 and Bernstein’s
inequality,

∥∇u∥L∞ ≤ ∥∆−1∇u∥L∞ +
N∑
j=0

C∥∆jω∥L∞ +
∞∑

j=N+1

2j∥∆jω∥L2

≤ C∥u∥L2 + C(N + 1)∥ω∥L∞ +
∞∑

j=N+1

2j(1−σ)2σj∥∆jω∥L2

≤ C∥u∥L2 + C(N + 1)∥ω∥L∞ + ∥ω∥Hσ

(
∞∑

j=N+1

22j(1−σ))

) 1
2

≤ C∥u∥L2 + C(N + 1)∥ω∥L∞ + ∥ω∥Hσ2(N+1)(1−σ)C(σ)

Now taking an integer N such that ∥ω∥Hσ2(N+1)(1−σ) ≤ 1, we then have N + 1 ≤
1

σ−1
log2(1 + ∥ω∥Hσ). Therefore

∥∇u∥L∞ ≤ C(1 + ∥u∥L2) + C∥ω∥L∞ log(1 + ∥ω∥Hσ).

This completes the proof of Lemma 1.3.3.

Proof of theorem 1.3.1. The local existence and uniqueness can be obtained by the Pi-
card type theorems. One can follow the steps leading to the local well-posedness result
for the Euler and the Navier-Stokes equations, as in the book of Majda and Bertozzi
[39].

Let (u, θ) be a local solution and assume that
∫ T ∗

0
∥∇u∥L∞dt < ∞. The goal is to

obtain a priori bound for Hs-norm on [0, T ∗]. To do so, we start with the vorticity
formulation {

∂tω + u · ∇ω = ∂xθ,

∂tθ + u · ∇θ = 0.

Applying Js−1 to the vorticity equation, multiplying by Js−1ω and integrating in space,
we obtain, after integration by parts,

1

2

d

dt
∥Js−1ω∥2L2 =

∫
∂xJ

s−1θJs−1ω −
∫
Js−1ω(Js−1∇ · (uω)− u · Js−1∇ω).

By Lemma 1.3.1,

∥Js−1∇ · (uω)− u · Js−1∇ω∥L2 ≤ C
(
∥Jsu∥L2∥ω∥L∞ + ∥Js−1ω∥L2∥∇u∥L∞

)
.
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Therefore, by the simple fact ∥Jsu∥L2 = ∥Js−1ω∥L2 ,

d

dt
∥Js−1ω∥2L2 ≤ ∥Jsθ∥2L2 + ∥Js−1ω∥2L2 + C ∥Js−1ω∥2L2∥∇u∥L∞

Similarly

d

dt
∥Jsθ∥2L2 ≤ C ∥Jsθ∥L2(∥Jsu∥L2∥∇θ∥L∞ + ∥Jsθ∥L2∥∇u∥L∞).

Furthermore, it following from ∂tθ + u · ∇θ = 0 that, for any q ∈ [1,∞],

∥∇θ∥Lq ≤ ∥∇θ0∥Lqe
∫ t
0 ∥∇u∥L∞dτ .

In fact, by a standard energy estimate, we have, for any 1 ≤ q <∞,

1

q

d

dt
∥∇θ∥qLq ≤ ∥∇u∥L∞∥∇θ∥qLq ,

which leads to the desired inequality for q ∈ (1,∞) and the case q = ∞ is obtained by
taking q → ∞. Therefore, Y (t) = ∥Js−1ω∥2L2 + ∥Jsθ∥2L2 obeys

d

dt
Y (t) ≤ ∥∇θ0∥L∞e2

∫ t
0 ∥∇u∥L∞dτ Y (t) + C Y (t)(1 + ∥∇u∥L∞)

By Gronwall’s inequality, if
∫ T ∗

0
∥∇u∥L∞dt <∞ then Y (t) <∞ on [0, T ∗] or (u, θ) ∈ Hs.

Now we show that
∫ T ∗

0
∥∇θ∥L∞dt < +∞ implies that (u, θ) ∈ Hs for t ∈ [0, T ∗].

According to the estimates above

d

dt
Y (t) ≤ CY (t)(∥∇θ∥L∞ + 1 + ∥∇u∥L∞).

By ∂tω + u · ∇ω = ∂xθ and Lemma 1.3.2, we have

∥ω(t)∥L∞ ≤ ∥ω0∥L∞ +

∫ t

0

∥∇θ∥L∞dτ.

By Lemma 1.3.3, for σ > 1,

∥∇u∥L∞ ≤ C(1 + ∥u∥L2) + C ∥ω∥L∞ log(1 + ∥ω∥Hσ).

Therefore, for s > 2,

dY (t)

dt
≤ CY (t)(1 + ∥∇θ∥L∞ + ∥u∥L2 + ∥ω∥L∞ log(1 + ∥Js−1ω∥L2))

≤ CY (t)(1 + ∥∇θ∥L∞ + ∥u∥L2 + ∥ω∥L∞ log(1 + Y (t))),

which implies immediately that, if
∫ T ∗

0
∥∇θ∥L∞dt < ∞, then Y (t) < ∞ on [0, T ∗]. this

completes the proof of Theorem 1.3.1.
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Finally we make a remark.

Remark 1.3.2. For the 3D Euler equation, ut + u · ∇u = −∇p, ∇ · u = 0, we have the
Beale-Kato-Majda criterion, which says that if

(1.9)

∫ T

0

∥ω(·, t)∥∞ dt <∞,

then the solution remains regular on [0, T ]. However, for the inviscid 2D Boussinesq
equations, it is unknown if ∫ T

0

∥ω(·, t)∥∞ dt <∞

is enough for the global regularity. This does not appear to be trivial.

What is the difficulty? Following the standard idea, we try the energy estimate. Ap-
plying Js = (I −∆)

s
2 to ∂tθ + u · ∇θ = 0,

∂tJ
sθ + u · ∇Jsθ = −Js(u · ∇θ) + u · ∇Jsθ

1

2

d

dt
∥Jsθ∥2L2 =

∫
(−Js(u · ∇θ) + u · ∇Jsθ)Jsθ

By the commutator estimate,

∥ − Js(u · ∇θ) + u · ∇Jsθ∥L2 ≤ C(∥∇u∥L∞∥θ∥Hs + ∥∇θ∥L∞∥u∥Hs).

Then,
1

2

d

dt
∥θ∥2Hs ≤ C∥∇u∥L∞∥θ∥2Hs + ∥∇θ∥L∞∥u∥Hs∥θ∥Hs .

If ∥∇θ∥L∞ were not there, then we would combine

1

2

d

dt
∥u∥2Hs ≤ C∥∇u∥L∞∥u∥2Hs + ∥u∥Hs∥θ∥Hs

with the logarithmic interpolation inequality

∥∇u∥L∞ ≤ C∥u∥L2 + C∥ω∥L∞ log(1 + ∥u∥Hs)

to obtain an ODE of the form, X = ∥u∥2Hs + ∥θ∥2Hs,

d

dt
X(t) ≤ C∥ω∥L∞ X(t) log(1 +X(t)) + C∥u∥L2 .

But unfortunately it appears to be difficult to control ∥∇θ∥L∞ in terms of the vorticity
alone.
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1.4 The viscous 2D Boussinesq equations

This section deals with the 2D viscous Boussinesq equations,

(1.10)


∂tu+ u · ∇u = −∇p+ ν∆u+ θe⃗2,

∇ · u = 0,

∂tθ + u · ∇θ = κ∆θ,

where both ν and κ are positive numbers. The global regularity can be established for
this system of equations (see, e.g., [6]).

Theorem 1.4.1. Given an initial data (u0, θ0) ∈ H2(R2). The 2D viscous Boussinesq
equations (1.10) have a unique global classical solution (u, θ) ∈ C([0,∞), H2).

Proof. The proof of this result is almost trivial and similar to that for the 2D Navier-
Stokes equations. The proof is provided here to point out why the global regularity
problem for the 2D problem can be easily solved and why the 3D case is different. It
suffices to establish the global H1 bound. First of all, we have the L2-bounds

∥θ∥22 + 2κ

∫ t

0

∥∇θ∥22dτ = ∥θ0∥22,

∥u∥22 + 2ν

∫ t

0

∥∇u∥22dτ ≤ (∥u0∥2 + t∥θ0∥2)2.

It follows from the vorticity equation

∂tω + u · ∇ω = ν∆ω + ∂x1θ

that
1

2

d

dt
∥ω∥22 + ν∥∇ω∥22 ≤ ∥θ∥22∥∂x1ω∥22 ≤

ν

2
∥∇ω∥22 +

1

2ν
∥θ0∥22

∥ω∥22 + ν

∫ t

0

∥∇ω∥22dτ ≤ ∥ω0∥22 +
1

ν
t∥θ0∥22

By the equation for θ,

(1.11)
1

2

d

dt
∥∇θ∥22 + κ∥∆θ∥22 ≤

∫
|∇u||∇θ|2dx ≤ C ∥∇u∥3∥∇θ∥23.

Applying the Gagliardo-Nirenberg inequality

(1.12) ∥f∥L3(Rd) ≤ C ∥f∥1−
d
6

L2(Rd)
∥∇f∥

d
6

L2(Rd)
,

with d = 2, namely ∥f∥3 ≤ C ∥f∥2/32 ∥∇f∥1/32 , we obtain

∥∇u∥33 ≤ C ∥∇u∥22 ∥∇2u∥2 ≤
ν

2
∥∇2u∥22 +

C

ν
∥∇u∥22 ∥∇u∥22

11



Therefore,

C ∥∇u∥3∥∇θ∥23 ≤
ν

2
∥∇2u∥22 +

κ

2
∥∇2θ∥22 +

C

ν
∥∇u∥22 ∥∇u∥22 +

C

κ
∥∇θ∥22 ∥∇θ∥22.

Inserting this inequality in (1.11) and applying the integrability∫ ∞

0

∥∇u∥22 dτ <∞,

∫ ∞

0

∥∇θ∥22 dτ <∞,

we have, for any T > 0,

∥∇θ(T )∥22 + κ

∫ T

0

∥∆θ∥22dτ ≤ C(T ).

H2 norm can be obtained through a similar procedure. We would like to point out that
(1.12) depends on the dimension d and a similar procedure does not yield a global H1

bound in the 3D case. When d = 3, we have

∥∇u∥3L3(R3) ≤ C ∥∇u∥
3
2

L2(R3) ∥∇
2u∥

3
2

L2(R3) ≤
ν

2
∥∇2u∥2L2(R3) +

C

ν
∥∇u∥4L2(R3) ∥∇u∥2L2(R3).

But now ∥∇u∥4L2(R3) is no longer time integrable. This completes the proof of Theorem
1.4.1.

We finally remark that the solutions to (1.10) in the basic energy space (u, θ) ∈
L∞
t L

2
x ∩ L2

tH
1
x can be shown to be unique.

1.5 Partial dissipation with either ∆u or ∆θ

This section studies the global regularity of the 2D Boussinesq equations with partial
dissipation. We start with the case when only ∆u is present.

(1.13)


∂tu+ u · ∇u = −∇p+ ν∆u+ θe⃗2,

∇ · u = 0,

∂tθ + u · ∇θ = 0.

The global regularity issue for this system of equations was listed by H.K. Moffatt as
one of the 21st century PDE problems [44]. The global regularity was obtained by T.
Hou and C. Li [33] and by D. Chae [10]. The result can be stated as follows.

Theorem 1.5.1. Let (u0, θ0) ∈ W 2,q(R2) with 2 < q < ∞. Then (1.13) has a unique
global solution (u, θ) ∈ C([0,∞);W 2,q(R2)).
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Proof. First of all, for any q ∈ [1,∞], ∥θ(t)∥q ≤ ∥θ0∥q and

∥u∥22 + ν

∫ t

0

∥∇u∥22dτ ≤ (∥u0∥2 + t∥θ0∥2)2.

In particular, due to ∥∇u∥L2 = ∥ω∥L2 , for any t > 0,

ν

∫ t

0

∥ω∥2L2 dt <∞.

For 2 ≤ q <∞, it follows from ∂tω + u · ∇ω = ν∆ω + ∂x1θ that

1

q

d

dt
∥ω∥qq + (q − 1)ν

∫
|∇ω|2|ω|q−2dx

=

∫
∂x1θω|ω|q−2dx

= (q − 1)

∫
θ∂x1ω|ω|q−2

= (q − 1)

∫
θ|ω|

q−2
2 ∂x1ω|ω|

q−2
2

≤ (q − 1)∥∇ω|ω|
q−2
2 ∥2∥θ∥q∥ω∥

q−2
2

q

≤ ν(q − 1)

2

∫
|∇ω|2|ω|q−2dx+ (q − 1)

1

2ν
∥θ∥2q∥ω∥q−2

q .

Therefore,
d

dt
∥ω∥qq + q(q − 1)ν

∫
|∇ω|2|ω|q−2 ≤ q(q − 1)

ν
∥θ∥2q∥ω∥q−2

q .

In particular,
d

dt
∥ω∥2q ≤

2(q − 1)

ν
∥θ0∥2q

∥ω∥2q ≤ ∥ω0∥2q +
2(q − 1)

ν
t∥θ0∥2q

(1.14) ∥ω∥q ≤ ∥ω0∥q +
√

2

ν
t(q − 1)∥θ0∥q.

We thus have obtained a global (in time) bound for ∥ω∥q with any 2 ≤ q <∞, but this
does not lead to a global bound for ∥ω∥∞. As a consequence,

∥u∥∞ ≤ C ∥u∥a2∥∇u∥1−a
q ≤ C ∥u∥a2∥ω∥1−a

q <∞,

where q ∈ (2,∞) and a = q−2
2(q−1)

. We now bound ∥∇ω∥q and ∥∇θ∥q.

1

q

d

dt
∥∇ω∥qq + ν

∫
|∆ω|2|∇ω|q−2 +

1

4
(q − 2)ν

∫
|∇|∇ω|2|2|∇ω|q−4

= −
∫

∇(u · ∇ω)∇ω|∇ω|q−2 +

∫
∂x1∇θ · ∇ω|∇ω|q−2(1.15)
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To see why the dissipation yields the second and third term on the left-hand side, we
write the inner product in terms of the components and integrate by parts∫

∇∆ω · ∇ω|∇ω|q−2

=

∫
∂j∂k∂kω∂jω|∇ω|q−2

= −
∫

(∂j∂kω)
2 |∇ω|q−2 − (q − 2)

∫
(∂j∂kω∂jω)

2|∇ω|q−4,

where repeated indices are summed. To estimate the terms on the right, we integrate
by parts, ∫

u · ∇ω∇(∇ω|∇ω|q−2)

=

∫
u · ∇ω

(
∆ω|∇ω|q−2 +

q − 2

2
∇ω∇(|∇ω|2)|∇ω|q−4

)
≤ ∥u∥∞∥∇ω∥q∥∇ω∥

q
2
−1

q ∥∆ω|∇ω|
q−2
2 ∥2

+∥u∥∞∥∇ω∥q
q − 2

2
∥∇ω∥

q−2
2

q ∥∇|∇ω|2|∇ω|
q−4
2 ∥2.

Then, the entire right hand side of (1.15) can be bounded by

ν

2
∥∆ω|∇ω|

q−2
2 ∥22 +

4(q − 1)

ν
(∥u∥2∞∥∇ω∥qq + ∥∇θ∥qq) +

q − 2

2
ν∥∇(|∇ω|2)|∇ω|

q−4
2 ∥22.

For the θ equation, we can get

1

q

d

dt
∥∇θ∥qq ≤ ∥∇u∥∞∥∇θ∥qq.

Then

1

q

d

dt
(∥∇ω∥qq + ∥∇θ∥qq) ≤

4

ν
(q − 1)∥u∥2∞∥∇ω∥qq + (

4

ν
(q − 1) + ∥∇u∥∞)∥∇θ∥qq

We don’t know if
∫ t

0
∥∇u∥∞dt < ∞. We need a logarithmic type inequality. By lemma

1.5.1 below,

∥∇u∥L∞ ≤ c(1 + ∥w∥H1) [log(1 + ∥∇w∥Lq)]
1
2 .

It then follows that Y (t) = ∥∇w∥qLq + ∥∇θ∥qLq satisfies

1

q

dY (t)

dt
≤ cY (t) + c(1 + ∥w∥H1)Y (t) [log(1 + Y (t))]

1
2 .

Since, for any T > 0, ∫ T

0

∥w∥H1 dt < C(T ),
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we have
Y (t) ≤ C(T ).

Together with the Gagliardo-Nirenberg inequality

∥∇u∥L∞ ≤ c∥∇u∥aL2∥∇



Now taking an integer N such that

∥f∥
Ḃ

d/2
q,∞

2(N+1)d( 1
q
− 1

2
) ≤ 1,

we then obtain (1.16). The inequality in (1.17) can be proven by slightly changing the
proof above. In fact, if we employ the following bound instead of the one above

N∑
j=0

2jd(
1
2
− 1

∞ )∥△jf∥L2 ≤ (N + 1) sup
j

2jd(
1
2
− 1

∞ )∥△jf∥L2 = (N + 1)∥f∥
Ḃ

d/2
2,∞
,

then the procedure above leads to (1.17). This completes the proof of Lemma 1.5.1.

Next, we consider the system with thermal diffusion ∆θ, namely

(1.18)

{
∂tu+ (u · ∇)u = −∇p+ θ−→e2
∂tθ + (u · ∇)θ = κ∆θ

with κ > 0. This system of equations has also been shown to possess global solutions
for sufficiently smooth data. More precisely, we have the following theorem,

Theorem 1.5.2. Let (θ0, u0) ∈ W 2,q(R2), 2 < q < ∞. Then the system has a unique
global solution

(u, θ) ∈ C([0,∞);W 2,q).

The following theorem is proven in a very similar way.

Proof. The local existence and uniqueness part is standard. To obtain the global esti-
mate, we reply more on the regularity of θ due to the diffusion in the θ-equation. Clearly,
we have the basic bounds, for any q ∈ [2,∞),

∥θ∥qLq + q(q − 1)κ

∫ t

0

∫
|∇θ|2|θ|q−2dxdτ = ∥θ0∥qLq

∥u∥L2 ≤ ∥u0∥L2 + t∥θ0∥L2

From the vorticity equation ∂tω + (u · ∇)ω = ∂x1θ, we get

1

2
∂t∥ω∥2L2 =

∫
(∂x1θ)ω ≤ ∥∂x1θ∥L2∥ω∥L2

Therefore,

∥ω(T )∥L2 ≤ ∥w0∥L2 +

∫ T

0

∥∂x1θ∥L2dt ≤ ∥ω0∥L2 +

(∫ T

0

∥∇θ∥2L2dt

) 1
2 √

T .

Next,
1

q
∂t∥w∥qLq =

∫
(∂x1θ)w|w|q−2dx ≤ ∥∇θ∥Lq∥w∥q−1

Lq .
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Or somply
∂t∥w∥Lq ≤ c∥∇θ∥Lq .

On the other hand,

1

q
∂t∥∇θ∥qLq + κ

∫
|∆θ|2|∇θ|q−2 + κ(

q − 2

4
)

∫
|∇|∇θ|2|2|∇θ|q−4dx

= −
∫

∇((u · ∇)θ) · ∇θ|∇θ|q−2

≤ C ∥u∥L∞

[
(q − 1)∥∇θ∥

q
2
Lq∥∇|∇θ|2|∇θ|

q−4
2 ∥L2 + ∥∇θ∥

q
2
Lq∥∆θ|∇θ|

q−2
q ∥L2

]
.

Then
1

q
∂t∥∇θ∥qLq ≤ c

(q − 1)

κ
∥u∥2L∞∥∇θ∥qLq

or

∂t∥∇θ∥Lq ≤ c(
q − 1

κ
)∥u∥2L∞∥∇θ∥Lq .

Using the Lemma 1.5.1 again, we get

∥u∥L∞ ≤ c∥u∥L2 + c(1 + ∥w∥L2)
√
log(1 + ∥∇w∥Lp)

Therefore,
Z(t) = ∥w∥Lq + ∥∇θ∥Lq

obeys
d

dt
Z(t) ≤ c(1 + ∥w∥L2)Z(t) log(1 + Z(t)) + c

This allows us to obtain a global bound for Z(t). This completes the proof of Theorem
1.5.2.

1.6 Horizontal dissipation

The results presented in this section are from the work of R. Danchin and M. Paicu [25]
and from that of Larinos, Lunasin and Titi [36].

Consider the IVP for the 2D Boussinesq equations with horizontal dissipation

(1.19)


∂tu+ (u · ∇)u = −∇p+ νuxx + θ−→e2 ,
∇ · u = 0,

∂tθ + (u · ∇)θ = 0,

u(x, 0) = u0(x), θ(x, 0) = θ0(x)

(1.19) has been shown to possess a unique global solution for suitable (u0, θ0) and the
following theorem combines the results of R. Danchin and M. Paicu [25] and of Larinos,
Lunasin and Titi [36].
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Theorem 1.6.1. Let u0 ∈ H1(R2) and ∇ · u0 = 0. Assume ω0 = ∇× u0 ∈
√
L, namely

sup
q≥2

∥ω0∥Lq

√
q

< +∞

Let θ0 ∈ L2 ∩ L∞. Then the IVP (1.19) has a unique solution (u, θ) satisfying

u ∈ L∞
loc([0,∞);H1), ω ∈ L∞

loc([0,∞);
√
L), u2 ∈ L2

loc([0,∞);H2),

θ ∈ Cb([0,∞);L2), θ ∈ L∞([0,∞);L∞).

In addition, if θ0 ∈ Hs with s ∈ (1/2, 1), then

(1.20) θ ∈ L∞
loc([0,∞);Hs−ε).

for any ϵ > 0.

Remark 1.6.1. The paper of R. Danchin and M. Paicu [25] originally assumed that
θ0 ∈ Hs with s ∈ (1/2, 1) to show the uniqueness. Later Larinos, Lunasin and Titi [36]
was able to prove the uniqueness without this assumption.

Remark 1.6.2. The regularity result for θ in (1.20) comes from a typical losing type
estimate.

The proof of Theorem 1.6.1 is divided into several steps, which can be accomplished
through the following subsections.

1.6.1 Global weak solution

This subsection proves the global existence of weak solutions in a very weak functional
setting via Friedriches’ Method. This method cuts off the high frequencies and thus
smooths the functions. The global existence result can be stated as follows.

Theorem 1.6.2. Let θ0 ∈ L2 ∩ L∞ and u0 ∈ H1 and ∇ · u0 = 0. Then (1.19) has
a global weak solution (u, θ) satisfying θ ∈ L∞([0,∞);L2 ∩ L∞), u ∈ L∞

loc([0,∞);H1),
u2 ∈ L2

loc([0,∞);H2).

Proof. (Friedriches’ Method) Let n ∈ N and define

L2
n = {f ∈ L2(R2)| suppf̂ ⊂ B(0, n)},

Jnf = (χB(0,n)f̂)
∨,

where f̂ and f∨ denotes the Fourier and the inverse Fourier transforms, respectively,
and χB(0,n) is the characteristic function on B(0, n). Clearly, Jnf ∈ H∞ = ∩s≥0H

s.
Consider the equations

(1.21)


∂tθ + Jn∇ · (JnuJnθ) = 0,

∂tu+ PJn∇ · (JnPu⊗ JnPu) = νJnP∂xxu+ JnP(θ−→e2 ),
u(x, 0) = Jnu0, θ(x, 0) = Jnθ0,
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where P denotes the Leray projection. By the Picard theorem, there exists T ∗ > 0 and
a solution (u, θ) ∈ C1([0, T ), L2

n) (of course the solution depends on n, but here we just
write (u, θ) for notational convenience). Noticing that Jnf = f if f ∈ L2

n and PF = F
if ∇ · F = 0, we have{

∂tθ + Jn∇ · (uθ) = 0,

∂tu+ PJn∇ · (u⊗ u) = ν∂xxu+ P(θ−→e2 ).

By the energy method
∥θ∥L2 ≤ ∥Jnθ0∥2 ≤ ∥θ0∥L2 ,

∥u∥2L2 + 2ν

∫ t

0

∥∂xu∥2L2dt ≤ (∥u0∥L2 + t∥θ0∥L2)2.

Taking the curl of the u-equation yields

∂tω + PJn(u · ∇ω) = ν∂xxω + ∂xθ

and thus

∥ω∥22 + 2ν

∫ t

0

∥∂xω∥22dτ ≤
∫ t

0

∥θ0∥2∥∂xω∥2dτ ≤ ν

∫ t

0

∥∂xω∥22dτ +
C

ν

∫ t

0

∥θ0∥22dτ.

Therefore, θ ∈ L∞([0,∞);L2) and u ∈ L∞([0, T ];H1) for any T > 0. By the Picard
Extension Theorem, (θ, u) is global in time and admits bounds that are uniform in n,

θ(n) ∈ L∞([0,∞);L2), u(n) ∈ L∞([0, T ];H1).

In addition, it can be shown that

∂tθ
(n) ∈ L∞([0, T ];H−3/2), ∂tu

(n) ∈ L∞([0, T ];H−1)

Since L2 ↪→ H−3/2 locally and H1 ↪→ H−1 locally, the Aubin-Lions compactness lemma
then implies u(n) → u in HL

loc for any −1 ≤ L < 1 and θ(n) → θ in HL
loc for any

−3/2 ≤ L < 0. We can use these convergence to pass the limit in the weak formulation.
This completes the proof.

1.6.2 Local classical solution

This subsection shows that (1.19) has a unique local classical solution.

Theorem 1.6.3. Let (u0, θ0) ∈ Hs × Hs−1 with s > 2. Then there is T > 0 and a
unique solution (u, θ) ∈ C([0, T ), Hs ×Hs−1) satisfying (1.19).

Proof. We can either use the mollifier approach as in the book of Majda and Bertozzi
[39] or Friedriches’ approach above. The crucial part is a local priori bound. Define

Jsf = (1−∆)s/2f or Ĵsf(ξ) = (1 + |ξ|2)
s
2 f̂(ξ).
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Then clearly ∥Jsf∥L2 = ∥f∥Hs . It follows from the vorticity equation

∂tω + u · ∇ω = ν∂x1x1ω + ∂x1θ

that
1

2

d

dt
∥Js−1ω∥22 + ν∥∂x1J

s−1ω∥22 = K1 +K2,

where

K1 =

∫
∂x1J

s−1θJs−1ω,

K2 = −
∫
(Js−1(u · ∇ω)− u · ∇Js−1ω)Js−1ω.

K1 and K2 can be bounded as follows. By integration by parts,

|K1| ≤
ν

2
∥∂x1J

s−1ω∥22 +
1

2ν
∥Js−1θ∥22.

Applying the commutator estimates in Lemma 1.3.1 yields

|K2| ≤ ∥Js−1(u · ∇ω)− u · ∇Js−1w∥2
∣∣∣∣Js−1ω

∣∣∣∣
2

≤ C(∥Jsu∥2∥ω∥∞ + ∥Js−1ω∥2∥∇u∥∞)∥Js−1ω∥2
≤ C ∥∇u∥∞∥Js−1w∥22.

Similarly, we have

1

2

d

dt
∥Js−1θ∥22 = −

∫
(Js−1(u · ∇θ)− u · ∇Js−1θ)Js−1θ

≤ C∥Js−1θ∥2(∥Jsu∥2∥θ∥∞ + ∥Js−1θ∥2∥∇u∥∞)

≤ C∥θ∥∞(∥Js−1ω∥22 + ∥Js−1θ∥22) + C∥∇u∥∞∥Js−1θ∥22

Therefore, Y (t) = ∥Js−1ω∥22 + ∥Js−1θ∥22 satisfies

d

dt
Y (t) ≤ C (1 + ||θ||∞ + ∥∇u∥∞) Y (t).

Since s > 2,
||∇u||∞ ≤ C ||∇u||Hs−1 ≤ C

∣∣∣∣Js−1ω
∣∣∣∣

2
.

and consequently
d

dt
Y (t) ≤ C

(
1 + ||θ||∞ +

√
Y (t)

)
Y (t).

This inequality implies that ∃T ∗ such that Y (t) ≤ C for t < T ∗. This completes the
proof.
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1.6.3 Global classical solution

This section establishes a global bound for ∥u∥Hs and ∥θ∥Hs−1 , which allows us to extend
the local solution in the previous subsection to a global one.

Theorem 1.6.4. Assume that (u0, θ0) ∈ Hs ×Hs−1 with s > 2. Then (1.19) has a
unique global solution (u, θ) ∈ C([0,∞), Hs ×Hs−1).

Proof. It suffices to obtain a global bound for (u, θ) in Hs × Hs−1. From the previous
proof, Y (t) = ∥Js−1ω∥22 + ∥Js−1θ∥22 satisfies

(1.22)
d

dt
Y (t) ≤ C(1 + ∥θ∥∞ + ∥∇u∥∞)Y (t).

The trick is still to control ∥∇u∥∞ through the following logarithmic interpolation in-
equality, for σ > 1,

∥f∥∞ ≤ sup
q≥2

∥f∥Lq

√
q

√
log(1 + ∥f∥Hσ),

as proven in Lemma 1.6.1 below. In particular, for s > 2, we have

||∇u||∞ ≤ C sup
q≥2

||∇u||q√
q

√
log(1 + ||∇u||Hs−1)

≤ C sup
q≥2

||∇u||q√
q

√
log(1 + ||ω||Hs−1).(1.23)

The goal is then to show that, for any T > 0,

(1.24)

∫ T

0

sup
q≥2

||∇u||q√
q

dt <∞.

This is accomplished through two steps. First, we have

∥ω(T )∥22 + 2ν

∫ T

0

∥∂x1ω∥22 dt ≤
2T

ν
∥θ0∥22

and, as in (1.14),

sup
q≥2

||ω||q√
q

≤ sup
q≥2

||ω0||q√
q

+

√
2t

ν
∥θ0∥L2∩L∞ .

We caution that the inequality ∥∇u∥q ≤ c q2

q−1
∥ω∥q does not really help. Instead, we use

the imbedding inequality, for a constant C independent of q,

sup
q≥2

||f ||q√
q

≤ C ∥f∥H1

and the simple fact that ∥∂x1ω∥2 = ∥∇∂x1u∥2, we have∫ T

0

sup
q≥2

∥∂x1u∥q√
q

dt ≤ C

∫ T

0

∥∂x1∇u∥2dt = C

∫ T

0

∥∂x1ω∥2dt <∞.
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Due to the divergence-free condition ∂x1u1 + ∂x2u2 = 0, we also have∫ T

0

sup
q≥2

∥∂x2u2∥q√
q

dt <∞.

In addition, ∂x2u1 = ∂x1u2 − ω and thus∫ T

0

sup
q≥2

∥∂x2u1∥q√
q

dt ≤
∫ T

0

sup
q≥2

∥∂x1u2∥q√
q

dt+

∫ T

0

sup
q≥2

∥ω∥q√
q
dt <∞.

Thus we have proven (1.24). Combining (1.22), (1.23) and (1.24) yields the desired
global bound. This completes the proof of Theorem 1.6.4.

We now provide the lemma used in the proof of Theorem 1.6.4.

Lemma 1.6.1. For σ > 1,

∥f∥∞ ≤ C(σ) sup
q≥2

∥f∥Lq

√
q

√
log(1 + ∥f∥Hσ),

sup
q≥2

∥f∥Lq

√
q

≤ C ∥f∥H1 ,

where C’s are constants.

1.6.4 Proof of Theorem 1.6.1

This subsection outlines the proof of Theorem 1.6.1.

Proof of Theorem 1.6.1. It consists of three main steps. The first step proves the exis-
tence, the second proves the uniqueness while the last step provides the losing estimates.
The first two steps are provided here, but the losing estimates are separated into another
subsection.

To prove the existence, we first regularize the initial condition. For ϵ > 0, set

Jεf = ρε ∗ f

where ρε =
1
ε2
ρ0(

x
ε
) with ρ0 ∈ C∞

0 (R2),
∫
R2 ρ0(x) dx = 1 and

ρ(x) =

{
1, if |x| ≤ 1

2
,

0, if |x| > 1.

Consider (1.19) with the initial data uε(x, 0) = Jε ∗ u0 and θε(x, 0) = Jε ∗ θ0. Since, for
any s > 0,

||uε0||Hs ≤ C
1

ϵs−1
||u0||H1 , ||θε0||Hs ≤ C

1

ϵs
||θ0||L2 ,
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where C is a constant independent of ϵ. By Theorem 1.6.4, there exists a unique solution

(uε, θε) ∈ C([0,∞);Hs ×Hs−1).

Since (uε, θε) admits a global uniform bound in H1 × L2, (uε, θε) ⇀ (u, θ) in H1 × L2

and (u, θ) is a weak solution according to Theorem 1.6.2.

We now show the uniqueness. R. Danchin and M. Paicu [25] assumed that

θ0 ∈ Hs ∩ L∞ with s ∈
(
1

2
, 1

)
.

Larios, Lunasin and Titi [36] obtained the uniqueness by just assuming θ0 ∈ L2 ∩ L∞.
What is presented here is a modified version of Larios, Lunasin and Titi and the essential
idea is the Yudovich approach. Let (u(1), θ(1)) and (u(2), θ(2)) be two solutions. Then the

difference (ũ, θ̃),

ũ = u(1) − u(2), θ̃ = θ(1) − θ(2),

satisfies {
∂tũ+ u(1) · ∇ũ+ ũ · ∇u(2) = ∂xxũ−∇p̃+ θ̃e⃗2,

∂tθ̃ + u(1) · ∇θ̃ + ũ · ∇θ(2) = 0.

The second equation demands too much regularity on θ. To exchange into a variable
with less regularity requirement, we introduce

∆ξ(1) = θ(1), ∆ξ(2) = θ(2), ξ̃ = ξ(1) − ξ(2).

Clearly, ξ̃ satisfies
∂t∆ξ̃ + u(1) · ∇(∆ξ̃) + ũ · ∇∆ξ(2) = 0.

The goal is to show ũ ≡ 0 and ξ̃ ≡ 0. It follows from simple energy estimates that

1

2

d

dt
∥ũ∥22 + ∥∂xũ∥22 = −

∫
ũ · ∇u(2) · ũ+

∫
∆ξ̃e⃗2 · ũ,

1

2

d

dt
∥∇ξ̃∥22 = −

∫
u(1) · ∇∆ξ̃ ξ̃ −

∫
ũ · ∇∆ξ(2) ξ̃.

We now estimates the terms on the right.∫
∆ξ̃ e⃗2 · u =

∫
∆ξ̃ ũ2 =

∫
(∂x1x1 + ∂x2x2)ξ̃ ũ2

= −
∫
∂x1 ξ̃∂x1ũ2 +

∫
∂x2 ξ̃∂x1ũ1

≤ 1

2
∥∇ξ̃∥22 +

1

2
∥∂x1ũ∥22.
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Integrating by parts and noticing that θ(2) = ∆ξ̃(2), we have

−
∫
ũ · ∇∆ξ(2)ξ̃ =

∫
ũ · ∇ξ̃∆ξ̃(2)

≤ 1

2
∥θ(2)∥∞(∥ũ∥22 + ∥∇ξ̃∥22).

For notational convenience, we write

J1 = −
∫
ũ · ∇u(2) · ũ, J2 = −

∫
u(1) · ∇∆ξ̃ ξ̃.

Clearly

|J1| ≤ ∥ũ∥
2
p
∞

∫
|∇u(2)||ũ|2−

2
p ≤ ∥ũ∥

2
p
∞∥∇u(2)∥p∥ũ∥

2− 2
p

2

We know that

sup
p≥2

∥∇u(2)∥p
p

≤ C0

for C0 independent of p. Also we have ∥ũ∥∞ ≤M ≡ C ∥ũ∥a2 ∥∇ũ∥1−a
q for any q > 2 and

a = q−2
2(q−1)

. Therefore,

|J1| ≤ C0 pM
2
p ∥ũ∥

2− 2
p

2 .

Using the simple fact that a function f(x) = xA
2
x has the minimum 2e logA, we have

|J1| ≤ 2C0 (logM − log ∥ũ∥2)∥ũ∥22.

Integrating by parts yields

J2 =

∫
u(1) · ∇ξ̃ ∆ξ̃

=

∫
u(1) · ∇ξ̃ ∂k∂kξ̃

= −
∫
∂ku

(1) · ∇ξ̃ ∂kξ̃ −
∫
u(1) · ∇∂kξ̃ ∂kξ̃

= −
∫
∂ku

(1) · ∇ξ̃ ∂kξ̃.

Therefore,

|J2| ≤
∫

|∇u(1)| |∇ξ̃|2

≤ ∥∇ξ̃∥
2
p
∞

∫
|∇u(1)||∇ξ̃|2−

2
p .
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Since ∥∇ξ̃∥∞ ≤M ,

|J2| ≤ CpM
2
p∥∇ξ̃∥

2− 2
p

2

≤ C(logM − log ∥∇ξ̃∥2) ∥∇ξ̃∥22.

Combining the estimates allows us to conclude that X(t) = ∥ũ∥22 + ∥∇ξ̃∥22 satisfies

d

dt
X + ∥∂xũ∥22 ≤ CX + C (logM − logX) X,

where C’s are constants.

d

dt
X − C X ≤ C (logM − logX)X

d

dt
(e−C tX) ≤ Ce−C t(logM − logX)X

X(t) ≤ eC tX(0) + C

∫ t

0

eC (t−τ)(logM − logX)X dτ.

Since X(0) = 0, we have X(t) ≡ 0 for any t > 0 by Osgood inequality (see Lemma 1.6.2
below). This completes the proof of Theorem 1.6.1.

Lemma 1.6.2 (Osgood Inequality). Let ρ0 ≥ 0 be a constant and α(t) ≥ 0 be a contin-
uous function. Assume

ρ(t) ≤ ρ0 +

∫ t

0

α(τ)w(ρ(τ))dτ,

where w satisfies ∫ ∞

1

1

w(r)
dr = ∞.

Then ρ0 = 0 implies ρ ≡ 0, and ρ0 > 0 implies that

−Ω(ρ(t)) + Ω(ρ0) ≤
∫ t

0

α(τ)dτ,

where Ω(ρ) =
∫ 1

ρ
dr

w(r)
.

In particular, the Osgood inequality applies to w(ρ) = ρ log M
ρ
since∫ ∞

1

1

r(logM − log r)
dr = ∞.
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1.6.5 Losing regularity estimates for θ

We stated in Theorem 1.6.1 that, if θ0 ∈ Hs∩L∞ with s ∈
(
1
2
, 1
)
, then θ ∈ Hs−ε for any

ϵ > 0. The solution is no longer in the same functional setting as the initial data and
the loss of regularity is due to the velocity is not Lipschitz. Other losing type estimates
can be found in the book of H. Bahouri, J.-Y. Chemin and R. Danchin [4].

Theorem 1.6.5. Consider{
∂tρ+ u · ∇ρ = f x ∈ R2, t > 0,

ρ(0) = ρ0, x ∈ R2
(1.25)

Assume ρ0 ∈ Bs
2,∞(R2) with −1 < s < 1, f ∈ L1([0, T ];Bs

2,∞), ∇ · u = 0 and

sup
N≥2

∥∇SNu∥L∞
√
N

≤ V (t)

for some V ∈ L1(0, T ). Then for any ϵ ∈ (0, 1+s
2
)

∥ρ∥Bs−ϵ
2,∞

≤ Ce
C1
ϵ (

∫ t
0 V (τ)dτ)

2

(∥ρ0∥Bs
2,∞

+ ∥f∥L1
t (B

s
2,∞)),

where C and C1 are constants independent of ϵ.

Proof. Applying ∆j to (1.25) yields

∂t∆jρ = ∆jf −∆j(u · ∇ρ).

Using the notion of paraproducts, we write

∆j(u · ∇ρ) = J1 + J2 + J3 + J4 + J5

≡
∑

|k−j|≤2

[∆j(Sk−1u · ∇∆kρ)− Sk−1u · ∇∆j∆kρ]

+
∑

|k−j|≤2

[(Sk−1u− Sju)∇∆j∆kρ] + Sju∇∆jρ

+
∑

|k−1|≤2

∆j(∆ku∇Sk−1ρ) +
∑

k≥j−1

∆j(∆ku · ∇∆̃kρ)

where ∆̃k = ∆k−1+∆k+∆k+1. Taking the inner product with ∆jρ and integrating over
the space leads to

d

dt
∥∆jρ∥22 ≤ ∥∆jf∥2∥∆jρ∥2 + (∥J1∥2 + ∥J2∥2 + ∥J4∥2 + ∥J5∥2)∥∆jρ∥2,

where we have used the fact that∫
J3∆jρ dx =

∫
(Sju · ∇∆jρ)∆jρ dx = 0.
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The norms ∥J1∥2 through ∥J5∥2 can be bounded as follows.

∥J1∥2 ≤ C
∑

|k−j|≤2

∥∇Sk−1u∥L∞∥∆kρ∥2, ∥J2∥2 ≤ C
∑

|k−j|≤2

∥∆ku∥L∞2j∥∆jρ∥2,

∥J4∥2 ≤ C
∑

|k−j|≤2

∥∆ku∥L∞∥∇Sk−1ρ∥2, ∥J5∥2 ≤
∑

k≥j−1

2j∥∆ku∥L∞∥∆̃kρ∥2.

For fixed j, the summation over k satisfying |k − j| ≤ 2 contains only a finite number
of terms and can be bounded by a constant multiple of the term with j = k. Thus we
have obtained

d

dt
∥∆jρ∥2 ≤ ∥∆jf∥2 + C∥∇Sj−1u∥L∞∥∆jρ∥2 + 2j∥∆ju∥L∞∥∆jρ∥2

+C∥∆ju∥L∞∥∇Sj−1ρ∥2 + C
∑

k≥j−1

2j∥∆ku∥L∞∥∆kρ∥2.

Furthermore, ∥∇Sj−1u∥L∞ ≤
√
j + 2V (t) and, by the lower bound part of Bernstein’s

inequality, 2j∥∆ju∥L∞ ≤
√
j + 2V (t) for j ≥ 0. Also, for any −1 < σ < 1,

∥∇Sj−1ρ∥2 =
∑

m≤j−2

2m∥∆mρ∥2

≤ C2j(1−σ)
∑

m≤j−2

2(m−j)(1−σ) 2σm∥∆mρ∥2

= C2j(1−σ)∥ρ∥Bσ
2,∞

and ∑
k≥j−1

2j∥∆ku∥L∞∥∆kρ∥2

= 2j(1−σ)
∑

k≥j−1

2σ(j−k)∥∇∆ku∥L∞ sup
k≥j−1

2kσ∥∆kρ∥2

≤ C2−σj∥ρ∥Bσ
2,∞

∑
k≥j−1

2(1+σ)(j−k)
√
k + 2

∥∇∆ku∥L∞
√
k + 2

≤ C2−σj∥ρ∥Bσ
2,∞

sup
k≥j−1

∥∇∆ku∥L∞
√
k + 2

√
j + 2

∑
k≥j−1

√
k + 2√
j + 2

2(1+σ)(j−k)

≤ C2−σj∥ρ∥Bσ
2,∞
V (t)

√
j + 2.

Putting the estimates together, we find

d

dt
∥∆jρ∥2 ≤ ∥∆jf∥2 + C 2−σj V (t)

√
j + 2 ∥ρ∥Bσ

2,∞
.

Now we take

σt = s− ϵ

∫ t

0
V (s)ds∫ T

0
V (s)ds

or σt = s− η

∫ t

0

V (s)ds with η =
ϵ∫ t

0
V (s)ds

.
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Clearly σt ∈ (−1, 1). We substitute σt for σ and integrate in time to obtain

∥∆jρ∥2 ≤ ∥∆jρ0∥2 +
∫ t

0

∥∆jf∥2dτ + C
√
j + 2

∫ t

0

2−στ jV (τ)∥ρ∥Bστ
2,∞
dτ.

Multiplying by 2σtj and noticing that σt − στ = −η
∫ t

τ
V (s)ds, we have

2σtj∥∆jρ∥2 ≤ ∥ρ0∥Bσt
2,∞

+

∫ t

0

∥f∥Bσt
2,∞
dτ + C

∫ t

0

√
j + 2V (τ) 2−ηj

∫ t
τ V (s)ds∥ρ∥Bστ

2,∞
dτ.

Choose the smallest integer j0 > 0 such that

(1.26)
4

(ln(2))2η2
≤ j0 + 2.

Then, for j ≥ j0,

C

∫ t

0

√
j + 2V (τ)e−ηj

∫ t
τ V (s)dsdτ <

1

2
.

In fact, by direct integration,

A ≡ C

∫ t

0

√
j + 2V (τ)2−jη

∫ t
τ V (s)dsdτ

=
C
√
j + 2

jη

∫ t

0

ηjV (τ)2−jη
∫ t
τ V (s)dsdτ

=
C
√
j + 2

jη ln(2)

∫ t

0

d(2−jη
∫ t
τ V (s)ds)

=
C
√
j + 2

jη ln(2)
(1− 2−jη

∫ t
0 V (s)ds) <

1

2
.

Fix t0 ≤ T and assume t ≤ t0. We now take the supremum over j ≥ −1

sup
j≥−1

2jσt∥△jρ∥L2 ≤ ∥ρ0∥Bs
2,∞

+

∫ t

0

∥f(τ)∥Bs
2,∞
dτ

+C

(
sup
j≥j0

+ sup
j≤j0

)∫ t

0

√
j + 2V (τ)2−ηj

∫ t
τ V (s)ds∥ρ∥Bστ

2,∞
dτ

≤ ∥ρ0∥Bs
2,∞

+

∫ t

0

∥f(τ)∥Bs
2,∞
dτ +

1

2
sup

τ∈[0,t0]
∥ρ(τ)∥Bστ

2,∞

+c
√
j0 + 2

∫ t

0

V (τ)∥ρ(τ)∥Bστ
2,∞
dτ.

Since this holds for any t ≤ t0 ≤ T , we take the supremum over t ∈ [0, t0] to obtain

sup
t∈[0,t0]

∥ρ(t)∥Bσt
2,∞

≤ 2∥ρ0∥Bs
2,∞

+ 2

∫ t0

0

∥f(τ)∥Bs
2,∞
dτ

+C
√
j0 + 2

∫ t0

0

V (τ)∥ρ(τ)∥Bστ
2,∞
dτ.
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Then
z(t) = sup

τ∈[0,t]
∥ρ(τ)∥Bστ

2,∞

obeys

z(t0) ≤ 2∥ρ0∥Bs
2,∞

+ 2

∫ t0

0

∥f(τ)∥Bs
2,∞
dτ + C

√
j0 + 2

∫ t0

0

V (τ)z(τ)dτ.

Applying Gronwall’s inequality and recalling that

√
j0 + 2 ≤ 4

ln 2

1

ϵ

∫ T

0

V (τ) dτ,

we obtain, for any t ≤ T ,

z(t) ≤ 2

[
∥ρ0∥Bs

2,∞
+

∫ t

0

∥f(τ)∥Bs
2,∞
dτ

]
exp

(
C

ϵ

(∫ T

0

V (τ)dτ

)2
)
,

where C is independent of ϵ. This completes the proof of Theorem 1.6.5.

1.7 Horizontal thermal diffusion

We work on the 2D Boussinesq equations with only horizontal diffusion

(1.27)


∂tu+ (u · ∇)u = −∇p+ θ−→e2 ,
∂tθ + (u · ∇)θ = ∂x1x1θ,

∇ · u = 0,

u(x, 0) = u0(x), θ(x, 0) = θ0(x),

where we have set the coefficient of ∂x1x1θ to be 1, without loss of generality. (1.27) still
possesses a unique global solution when (u0, θ0) is in a suitable functional setting. The
following result is of R. Danchin and M. Paicu [25].

Theorem 1.7.1. Assume u0 ∈ H1, w0 = ∇ × u0 ∈ L∞, θ0 ∈ H1 ∩ L∞, |∂x1|1+sθ0 ∈ L2

for s ∈ (0, 1
2
]. Then (1.27) has a unique global solution (u, θ) satisfying

u ∈ C([0,∞);H1), w ∈ L∞
loc([0,∞);L∞),

θ ∈ C([0,∞);H1 ∩ L∞), |∂x1 |1+sθ ∈ L∞
loc([0,∞);L2), |∂x1 |2+sθ ∈ L2

loc([0,∞);L2).

Here |∂x1 |β with β ∈ R is defined in terms of its Fourier transform,

|∂x1 |βf(x) =
∫
eix·ξ|ξ1|β f̂(ξ1, ξ2)dξ1dξ2.
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Proof. We will not provide the details, but rather briefly outline the major steps. The
equations give us for free the global bounds on ∥θ∥L2∩L∞ and ∥u∥H1 . The first real step
is to obtain a global bound for ∥∇θ∥2. This can be established by writing the nonlinear
term explicitly in terms of the partial derivatives in different directions and fully take
advantage of the dissipation in the x-direction. The resulting estimate is given by

d

dt
∥∇θ∥2L2 + ∥∂x1∇θ∥2L2 ≤ B(t)∥∇θ∥2L2 ,

where B(t) is integrable on [0,∞). Some special consequences of this inequality are

∥ω(·, T )∥L4 ≤ C(T ), ∥u(·, T )∥L∞ ≤ C(T ),

where T > 0 is an arbitrarily fixed and C(T ) depends on the initial data and T . In fact,
by the Sobolev embedding inequality

∥∂x1θ∥L4 ≤ C∥∂x1θ∥
1/2

L2 ∥∇∂x1θ∥
1/2

L2 ,

we have ∫ T

0

∥∂x1θ∥4L4 dt ≤ C sup
t∈[0,T ]

∥∂x1θ∥2L2

∫ T

0

∥∂x1∇θ∥2L2 dt <∞.

It then follows from the vorticity equation that

1

4

d

dt
∥ω∥4L4 =

∫
∂x1θω|ω|2dx ≤ ∥∂x1θ∥L4∥ω∥3L4 .

Therefore,

∥ω∥L4 ≤ ∥ω0∥L4 +

∫ t

0

∥∂x1θ∥L4dτ ≤ ∥ω0∥L4 +

(∫ t

0

∥∂x1θ∥4L4dτ

)1/4

t3/4.

Thus,

∥u∥L∞ ≤ ∥u∥1/3L2 ∥∇u∥2/3L4 ≤ C ∥u∥1/3L2 ∥ω∥2/3L4 <∞.

Next we show that, for s ∈ (0, 1/2],

|∂x1 |1+sθ ∈ L∞
loc([0,∞);L2), |∂x1 |2+sθ ∈ L2

loc([0,∞);L2).(1.28)

Clearly, |∂x1 |1+sθ satisfies

∂t|∂x1 |1+sθ − ∂x1x1 |∂x1 |1+sθ = −|∂x1 |1+s(u · ∇θ).

Taking the inner product with |∂1+s
x1

|θ, we find

1

2

d

dt
∥|∂x1 |1+sθ∥2L2 + ∥|∂x1 |2+sθ∥2L2 = −

∫
|∂x1 |1+s(u · ∇θ) |∂x1|1+sθ dx

= −
∫

|∂x1 |(u · ∇θ) |∂x1 |1+2sθ dx

=

∫
∂x1

|∂x1 |
(∂x1u · ∇θ + u · ∇∂x1θ)|∂x1 |1+2sθdx.
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Since s ∈ (0, 1/2],∫
∂x1

|∂x1 |
(u · ∇∂x1θ)|∂x1 |1+2sθdx ≤ ∥u∥L∞∥∇∂x1θ∥L2∥|∂x1 |1+2sθ∥L2

≤ ∥u∥L∞∥∂x1∇θ∥2L2 .

Writing ∂x1u · ∇θ = ∂x1u1∂x1θ + ∂x1u2∂x2θ, we have∫
∂x1

|∂x1 |
(∂x1u · ∇θ) |∂x1 |1+2sθdx ≤ ∥ω∥L4∥∂x1θ∥L4∥|∂x1 |1+2sθ∥L2

+

∫
∂x1

|∂x1|
∂x1u2∂x2θ|∂x1 |1+2sθ.

In addition,∫
∂x1

|∂x1 |
∂x1u2∂x2θ|∂x1 |1+2sθ = −

∫
∂x1

|∂x1 |
u2∂x1∂x2θ|∂x1 |1+2sθdx

−
∫

∂x1

|∂x1 |
|∂x1 |s(u2∂x2θ)|∂x1 |2+sθdx

≤ ∥u2∥L∞∥∂x1∇θ∥L2 ∥|∂x1 |1+2sθ∥L2

+∥|∂x1 |s(u2∂x2θ)∥L2∥|∂x1 |2+sθ∥L2

≤ ∥u2∥2L∞∥∂x1∇θ∥2L2 +
1

4
∥|∂x1 |2+sθ∥2L2

+C∥u∥2H1(∥∂2θ∥L2 + ∥∂1∂2θ∥L2)2.

Combining the estimates yield, for some g ∈ L1
loc([0,∞)),

d

dt
∥|∂x1 |1+sθ∥2L2 + ∥|∂x1 |2+sθ∥2L2 ≤ g(t).

We thus have obtained (1.28). A special consequence is that

ω ∈ L∞
loc([0,∞);L∞).

This can be obtained by combining

∥ω∥L∞ ≤ ∥ω0∥L∞ +

∫ t

0

∥∂x1θ∥L∞dτ

with the simple estimate of the following lemma.

Lemma 1.7.1. If 1
s1
+ 1

s2
< 2, s1 > 0, s2 > 0, then

∥f∥L∞ ≤ C(∥f∥L2 + ∥|∂x1 |s1f∥L2 + ∥|∂x2 |s2f∥L2).
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Applying this lemma with s1 = 1 + s, s2 = 1, we have

∥ω∥L∞ ≤ ∥ω0∥L∞ + C

∫ t

0

(∥∂x1θ∥L2 + ∥|∂x1 |2+sθ∥L2 + ∥∂x1∂x2θ∥L2)dτ <∞.

Trivially, interpolating between L2 and L∞ yields ω ∈ Lq for q ∈ [2,∞). More impor-
tantly,

∇u ∈ L∞
loc([0,∞);L) or sup

t∈[0,T ]

sup
q≥2

∥∇u∥Lq

q
≤ C(T ).

This completes the part for the existence and regularity part. Finally we show the
uniqueness. This is a consequence of the Yudovich type argument. Let (u(1), θ(1)) and
(u(2), θ(2)) be two solutions. Then ũ = u(1) − u(2) and θ̃ = θ(1) − θ(2) satisfy{

∂tũ+ u(1) · ∇ũ+ ũ · ∇u(2) = θ−→e2
∂tθ̃ + u(1) · ∇θ̃ + ũ · ∇θ(2) = ∂x1x1 θ̃

The most difficult term we would encounter in the further estimates is∫
ũ2 ∂2θ

(2) θ̃dx

One way to handle it is to use the identity

I = (I − ∂x1∂x2)
−1 − (I − ∂x1∂x2)

−1∂x1∂x2 .

We shall omit further details. This completes the proof of Theorem 1.7.1.

1.8 Vertical dissipation and vertical thermal diffu-

sion

This section focuses on the global regularity problem for the 2D Boussinesq equations
with vertical dissipation and vertical thermal diffusion. More precisely, we study the
global existence and uniqueness of solutions to the initial-value problem of

(1.29)


∂tu+ u · ∇u = −∇p+ ν∂yyu+ θ−→e2
∂tθ + u · ∇θ = κ∂yyθ

∇ · u = 0

u(x, 0) = u0(x), θ(x, 0) = θ0(x).

We are able to establish the global existence and uniqueness in a recent work in
collaboration with Cao [8]. We should also mention two previous papers [2] and [3] in
which partial results have been established. The main results can be stated as follows.
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Theorem 1.8.1. Consider the IVP for the anisotropic Boussinesq equations with ver-
tical dissipation (1.29). Let ν > 0 and κ > 0. Let (u0, v0, θ0) ∈ H2(R2). Then, for any
T > 0, (1.29) has a unique classical solution (u, v, θ) on [0, T ] satisfying

(u, v, θ) ∈ C([0, T ];H2(R2)).

The rest of this sections proves this theorem. As we mentioned before, the local
existence and uniqueness is not very hard to obtain. Therefore, our effort will be devoted
to proving the global a priori H2 bounds for the solution. For the sake of clarity, we
should accomplish this big task in several subsections.

1.8.1 What is the difficulty?

We briefly explain the difficulty and point out a simple fact. The L2-estimates are easy
to get.

∥θ(t)∥22 + 2κ

∫ T

0

∥∂yθ∥22 dt ≤ ∥θ0∥22,

∥u(t)∥22 + 2ν

∫ T

0

∥∂yu∥22 dt ≤ (∥u0∥2 + t ∥θ0∥2)2.

But the global H1-bound is hard to prove. Consider the equation for ω = ∇⃗ × u⃗, which
satisfies

(1.30) ∂tω + u⃗ · ∇ω = ν∂yyω + ∂xθ.

As a simple consequence,

1

2

d

dt

∫
ω2 + ν

∫
(∂yω)

2 =

∫
∂xθω.

In contrast to the horizontal dissipation case, the dissipation in the y-direction does not
allow us to hide ∂xθ. Therefore, if we want to obtain a global bound for ∥ω∥2, then we
need to combine it with the estimate of ∇θ.

1

2

d

dt

∫
|∇θ|2 + κ

∫
|∂y∇θ|2 = −

∫
∇θ · ∇u · ∇θ.(1.31)

To make use of the dissipation in the y-direction, we write

∇θ · ∇u · ∇θ = ∂xu(∂xθ)
2 + ∂xv∂xθ∂yθ + ∂yu∂xθ∂yθ + ∂yv(∂yθ)

2.(1.32)

To bound the terms on the right, we need a lemma.

Lemma 1.8.1. Assume that f, g, gy, h, hx ∈ L2(R2). Then

(1.33)

∫∫
|f g h| dxdy ≤ C ∥f∥2 ∥g∥

1
2
2 ∥gy∥

1
2
2 ∥h∥

1
2
2 ∥hx∥

1
2
2 .
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This lemma allows us to bound some of the terms suitably. For example,∣∣∣∣∫ ∂yu∂xθ∂yθ

∣∣∣∣ ≤ C ∥∂yu∥2 ∥∂xθ∥
1
2
2 ∥∥∂xyθ∥

1
2
2 ∥∂yθ∥

1
2
2 ∥∂xyθ∥

1
2
2

≤ κ

4
∥∂xyθ∥22 + C(κ) ∥∂yu∥22 ∥∂xθ∥2 ∥∂yθ∥2.

Integrating by parts, we have∫
∂xv∂xθ∂yθ = −

∫
θ (∂xv∂xyθ + ∂xyv∂xθ)

≤ ∥θ0∥∞ ∥∂xv∥2 ∥∂xyθ∥2 + ∥θ0∥∞ ∥∂xθ∥2 ∥∂xyv∥2

However, the term
∫
∂xu (∂xθ)

2 can NOT be bounded suitably. But if we know∫ T

0

∥v(t)∥2L∞ dt <∞,(1.34)

then we have, after integration by parts,∫
∂xu (∂xθ)

2 = −
∫
∂yv (∂xθ)

2 =

∫
v∂xθ ∂xyθ

≤ κ

4
∥∂xyθ∥22 + C(κ) ∥v(t)∥2L∞ ∥∂xθ∥22.

Inserting the estimates above in (1.30) and (1.31), we are able to conclude that, if (1.34)
holds, then

∥ω∥22 + ∥∇θ∥22 + ν

∫
(∂yω)

2 + κ

∫
|∂y∇θ|2 ≤ C(T ).

Unfortunately it appears to be extremely hard to prove (1.34). Therefore, we have to
solve this problem through a different route.

1.8.2 Key ingredients in the proof

This section presents the key ingredients in the proof as well as the proof of Theorem
1.8.1.

Proposition 1.8.1. Assume (u0, v0, θ0) ∈ H2. Let (u, v, θ) be the corresponding classical
solution of (1.29). Then the quantity

Y (t) = ∥ω∥2H1 + ∥θ∥2H2 + ∥ω2 + |∇θ|2∥22

satisfies

d

dt
Y (t) + ∥ωy∥2H1 + ∥θy∥2H2 +

∫
(ω2 + |∇θ|2)

(
ω2 + |∇θy|2

)
≤ C

(
1 + ∥θ0∥2∞ + ∥v∥2∞ + ∥uy∥22 + (1 + ∥u∥22)∥vy∥22

)
Y (t),
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where C is a constant. As a special consequence of this differential inequality, we con-
clude that, if ∫ T

0

∥v(t)∥2L∞ dt <∞,

then Y (t) < +∞ on [0, T ].

Proposition 1.8.2. Let (u0, v0, θ0) ∈ H2(R2) and let (u, v, θ) be the corresponding clas-
sical solution of (1.29). Then,

(1.35) sup
r≥2

∥v(t)∥L2r√
r log r

≤ sup
r≥2

∥v0∥L2r√
r log r

+B(t),

where B(t) is an explicit integrable function of t ∈ [0,∞) that depends on ν, κ and the
initial norm ∥(u0, v0, θ0)∥H2.

The proof of this proposition is very delicate and provided in another subsection. An
exponential bound in r was obtained in [2] and a linear bound in [3], but we really need
a bound at this growth level in order for the proof of Theorem 1.8.1 to work.

Proposition 1.8.3. Let s > 1 and f ∈ Hs(R2). Assume that

sup
r≥2

∥f∥r√
r log r

<∞.

Then there exists a constant C depending on s only such that

∥f∥L∞(R2) ≤ C sup
r≥2

∥f∥r√
r log r[

log(e+ ∥f∥Hs(R2)) log log(e+ ∥f∥Hs(R2))
] 1

2 .

Proof of Theorem 1.8.1: Applying Proposition 1.8.2 and using the simple fact
that ∥v∥2H2 ≤ ∥ω∥2H1 ≤ Y (t), we obtain

d

dt
Y (t) ≤ A(t)Y (t) + C B2(t)Y (t) log(e+ Y (t)) log log(e+ Y (t)),

where A(t) = C (1 + ∥θ0∥2∞ + ∥uy∥22 + (1 + ∥u∥22)∥vy∥22). An application of Gronwall’s
inequality then concludes the proof of Theorem 1.8.1.

1.8.3 Proof of Proposition 1.8.2

Before we provide the real proof, we would like to understand how a bound of this level
can be obtained. For this purpose, we make the ansatz∫ T

0

∥p∥2∞ dt <∞.
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We also need two lemmas.

Lemma 1.8.2. Let f ∈ H1(R2). Let R > 0. Denote by B(0, R) the ball centered at zero

with radius R and by χB(0,R) the characteristic function on B(0, R). Write f = f + f̃
with

(1.39) f = F−1(χB(0,R)Ff) and f̃ = F−1((1− χB(0,R))Ff).

Then we have the following estimates for f and f̃ .

(1) There exists a pure constant C independent of f and R such that

(1.40) ∥f∥L∞(R2) ≤ C
√
logR ∥f∥H1(R2).

(2) For any 2 ≤ q <∞, there is a constant independent of q, R and f such that

(1.41) ∥f̃∥Lq(R2) ≤ C
q

R
2
q

∥f̃∥H1(R2) ≤ C
q

R
2
q

∥f∥H1(R2)

In particular, for q = 4,

∥f̃∥L4(R2) ≤
C√
R

∥f∥H1(R2).

Lemma 1.8.3. Let q ∈ [2,∞). Assume that f, g, gy, hx ∈ L2(R2) and h ∈ L2(q−1)(R2).
Then

(1.42)

∫∫
R2

|f g h| dxdy ≤ C ∥f∥2 ∥g∥
1− 1

q

2 ∥gy∥
1
q

2 ∥h∥
1− 1

q

2(q−1)∥hx∥
1
q

2 .

where C is a constant depending on q only. Two special cases of (1.42) are

(1.43)

∫∫
|f g h| dxdy ≤ C ∥f∥2 ∥g∥

2
3
2 ∥gy∥

1
3
2 ∥h∥

2
3
4 ∥hx∥

1
3
2

and

(1.44)

∫∫
|f g h| dxdy ≤ C ∥f∥2 ∥g∥

1
2
2 ∥gy∥

1
2
2 ∥h∥

1
2
2 ∥hx∥

1
2
2 .

Proof of Proposition 1.8.2.

(1.45)

{
ut + uux + vuy = −px + ν uyy,
vt + uvx + vvy = −py + ν vyy + θ
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Taking the inner product of the second equation in (1.45) with v |v|2r−2 and integrating
by parts, we obtain

1

2r

d

dt

∫
|v|2r + ν(2r − 1)

∫
v2y |v|2r−2

= (2r − 1)

∫
p vy |v|2r−2 +

∫
θ v |v|2r−2

= (2r − 1)

∫
p vy |v|2r−2 + (2r − 1)

∫
p̃ vy |v|2r−2 +

∫
θ v |v|2r−2.

By Hölder’s inequality, ∫
θ v |v|2r−2 ≤ ∥θ∥2r ∥v∥2r−1

2r ,(1.46) ∫
p vy |v|2r−2 ≤ ∥p∥∞ ∥vr−1∥2 ∥vyvr−1∥2.

Applying Lemma 1.8.3, we have∫
p̃ vy |v|2r−2 ≤ C∥p̃∥

2
3
4 ∥p̃x∥

1
3
2 ∥vr−1∥

2
3
2 ∥(r − 1)vyv

r−2∥
1
3
2 ∥vyvr−1∥2.

Furthermore, by Hölder’s inequality,∥∥|v|r−1
∥∥
2
= ∥v∥r−1

2(r−1) ≤ ∥v∥
1

r−1

2 ∥v∥
r(r−2)
r−1

2r ,∥∥|v|r−2vy
∥∥2
2
=

∫
|v|2(r−2)v2y =

∫
|v|2(r−2)v

2(r−2)
r−1

y v
2

r−1
y ≤ ∥vy∥

2
r−1

2

∥∥vy |v|r−1
∥∥ 2(r−2)

r−1

2
.

Therefore, ∫
p vy |v|2r−2 ≤ C ∥p∥∞ ∥v∥

1
r−1

2 ∥v∥
r(r−2)
r−1

2r ∥vyvr−1∥2,∫
p̃ vy |v|2r−2 ≤ C (r − 1)

1
3 ∥p̃∥

2
3
4 ∥p̃x∥

1
3
2 ∥v∥

2
3(r−1)

2 ∥v∥
2r(r−2)
3(r−1)

2r

×∥vy∥
1

3(r−1)

2

∥∥vy |v|r−1
∥∥1+ (r−2)

3(r−1)

2
.

By Young’s inequality and Lemma 1.8.2,

(2r − 1)

∫
p vy |v|2r−2 ≤ ν



Without loss of generality, we assume ∥v∥2r ≥ 1. Inserting (1.46),(1.47) and (1.47) in
(1.46), we have

1

2r

d

dt
∥v∥2rL2r +

ν

2
(2r − 1)

∫
v2y|v|2r−2 dx

≤ C(2r − 1)(logR) ∥p∥2H1∥v∥
2

r−1

2 ∥v∥2r−2
2r

+C (2r − 1)(r − 1)
2r−2
2r−1R− r−1

2r−1∥p∥
2r−2
2r−1

L4 ∥p∥
4r−4
2r−1

H1 ∥vy∥
2

2r−1

2 ∥v∥
4

2r−1

2 ∥v∥2r−2
2r

+∥θ∥L2r ∥v∥2r−1
L2r .

Especially,

d

dt
∥v∥2L2r ≤ C(2r − 1)(logR) ∥p∥2H1∥v∥

2
r−1

2

+C (2r − 1)(r − 1)
2r−2
2r−1R− r−1

2r−1∥p∥
2r−2
2r−1

L4

(
∥p∥2H1 + ∥vy∥22

)
∥v∥

4
2r−1

2

+ ∥θ∥2L2r + ∥v∥2L2r .

Taking R = (2r − 1)
2r−1
2r−2 (r − 1)2, integrating in time and applying Propositions, we

obtain
∥v(t)∥2L2r ≤ ∥v0∥2L2r +B1(t)r log r +B2(t),

where B1 and B2 are explicit integrable functions. Therefore,

sup
r≥2

∥v(t)∥2L2r

r log r
≤ sup

r≥2

∥v0∥2L2r

r log r
+ (B1(t) +B2(t)).

This completes the proof of Proposition 1.8.2.

1.8.4 Proof of Proposition 1.8.3

This subsection proves Proposition 1.8.3.

Proof of Proposition 1.8.3. By the Littlewood-Paley decomposition, we can write

f = SN+1f +
∞∑

j=N+1

∆jf,

where ∆j denotes the Fourier localization operator and

SN+1 =
N∑

j=−1

∆j.

The definitions of ∆j and SN are now standard. Therefore,

∥f∥∞ ≤ ∥SN+1f∥∞ +
∞∑

j=N+1

∥∆jf∥∞.
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We denote the terms on the right by I and II. By Bernstein’s inequality, for any q ≥ 2,

|I| ≤ 2
2N
q ∥SN+1f∥q ≤ 2

2N
q ∥f∥q.

Taking q = N , we have

|I| ≤ 4∥f∥N ≤ 4
√
N logN sup

r≥2

∥f∥r√
r log r

.

By Bernstein’s inequality again, for any s > 1,

|II| ≤
∞∑

j=N+1

2j∥∆jf∥2 =
∞∑

j=N+1

2−j(s−1) 2sj∥∆jf∥2

= C 2−(N+1)(s−1) ∥f∥Bs
2,2
.

where C is a constant depending on s only. By identifying Bs
2,2 with Hs, we obtain

∥f∥∞ ≤ 4
√
N logN sup

r≥2

∥f∥r√
r log r

+ C 2−(N+1)(s−1) ∥f∥Hs .

We obtain the desired inequality (1.36) by taking

N =

[
1

s− 1
log2(e+ ∥f∥Hs)

]
,

where [a] denotes the largest integer less than or equal to a.

1.8.5 Open problems

It is currently not clear if the global regularity of Theorem 1.8.1 still holds if we set
either ν = 0 or κ = 0 in (1.29), even though we can verify that certain parts of the
estimates still hold.

1.9 2D Boussinesq with fractional dissipation

This section is devoted to the global regularity of the 2D Boussinesq equations with
fractional dissipation or fractional thermal diffusion. It is divided into two subsections.

1.9.1 Summary of several existing results

This subsection briefly summarizes some of the existing results on the global regularity
issue concerning the 2D Boussinesq equations with fractional dissipation

(1.47)


−→u t +

−→u · ∇−→u + νΛα−→u = −∇p+ θ
−→
k ,

∇ · −→u = 0,
θt +

−→u · ∇θ + κΛβθ = 0
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where Λ = (−∆)
1
2 . When α = β = 2, these equations reduce to the standard 2D

Boussinesq equations.

Hmidi, Keraani and Rousset [31] were able to establish the global regularity of the
critical Navier-Stokes-Boussinesq equations, namely (1.47) with ν > 0, κ = 0 and α = 1.
Their main result can be stated as follows.

Theorem 1.9.1. Let u0 ∈ H1 ∩ Ẇ 1,q with q ∈ [2,∞). Let θ0 ∈ L2 ∩ B0
∞,1. Then the

Boussinesq equations have a unique global solution satisfying

u ∈ L∞
loc([0,∞);H1 ∩ Ẇ 1,q) ∩ L1

loc([0,∞);B1
∞,1),

θ ∈ L∞
loc([0,∞);L2 ∩B0

∞,1).

We remark that direct energy estimates will not allow one to obtain even global L2

bound on the vorticity. Their idea is to consider the evolution of the new function
ω −Rθ. The vorticity equation is given by

ωt + u · ∇ω + Λω = θx1 , Λ = (−∆)
1
2 .

The idea is to write Λω − θx1 = Λ(ω − Rθ), R = Λ−1∂x1 and consider the difference
with (Rθ)t +−→u · ∇(Rθ) = −[R, u · ∇]θ,

(ω −Rθ)t + u · ∇(ω −Rθ) + νΛ(ω −Rθ) = [R, u · ∇]θ.

The advantage of this new equation is that the commutator is much more regular and
thus can be controlled. In fact, the Lq-norm of this commutator is more or less bound by
∥∇u∥Lq ∥θ∥B0

∞,1
and thus this new formation makes the global Lq bound for ω possible.

In addition, Hmidi, Keraani and Rousset [32] were also able to establish the global
regularity of the critical Euler-Boussinesq equations, namely (1.47) with ν = 0, κ > 0
and β = 1. Their main result can be stated as follows.

Theorem 1.9.2. Let u0 ∈ B1
∞,1 ∩ Ẇ 1,q with q ∈ [2,∞). Let θ0 ∈ Lq ∩ B0

∞,1. Then the
Boussinesq equations have a unique global solution satisfying

u ∈ L∞
loc([0,∞);B1

∞,1 ∩ Ẇ 1,q),

θ ∈ L∞
loc([0,∞);Lq ∩B0

∞,1) ∩ L̃1
loc([0,∞);B1

q,∞).

One key ingredient is to combine the vorticity equation

ωt + u · ∇ω = θx1

with the equation for θ,

(Rθ)t + u · ∇(Rθ) = −RΛθ − [R, u · ∇]θ

into the equation
(ω +Rθ)t + u · ∇(ω +Rθ) = −[R, u · ∇]θ.

Miao and Xue [42] studied the global regularity of (1.47) with ν > 0 and κ > 0. Their
result can be stated as follows.

41



Theorem 1.9.3. Let α ∈ ((6−
√
6)/8, 1/2) and

β ∈ (1− α)/2,min ((7 + 2
√
6)α/10− 1, α(1− α)/2(

√
6− 2α), 1− α).

Let u0 ∈ H1 ∩W 1,q with q ∈ (1/(α + β − 1),∞) and θ0 ∈ H1−α/2 ∩ B1−α/2
∞,1 . Then the

fractional Boussinesq equations have a unique global solution.

Finally we mention a rather recent global regularity result of P. Constantin and V.
Vicol [20].

Theorem 1.9.4. Consider the Boussinesq equations (1.47) with ν > 0 and κ > 0.
Assume that (u0, θ0) ∈ S, the Schwartz class. If β > 2

2+α
, then (1.47) has a unique

global smooth solution.

1.9.2 The 2D Boussinesq equation with singular velocity

As a comparison, we first recall that the standard 2D Boussinesq equations,
−→u t +

−→u · ∇−→u + Λαu = −∇p+ θ
−→
k ,

∇ · −→u = 0,
θt +

−→u · ∇θ = 0

with the vorticity ω = ∇× u satisfying

(1.48)


∂tω + u · ∇ω + Λαω = θx1 ,
u = ∇⊥ψ ≡ (−∂x2 , ∂x1)ψ, ∆ψ = ω,
∂tθ + u · ∇θ = 0.

In a recent work in collaboration with Chae [16], we studied the following generalized
vorticity formulation with a more singular velocity

(1.49)


∂tω + u · ∇ω + Λω = θx1 ,
u = ∇⊥ψ ≡ (−∂x2 , ∂x1)ψ, ∆ψ = Λσ(log(I −∆))γω,
∂tθ + u · ∇θ = 0,

where σ ≥ 0 and γ ≥ 0, ω = ω(x, t), ψ = ψ(x, t) and θ = θ(x, t) are scalar functions of

x ∈ R2 and t ≥ 0 while u = u(x, t) : R2 → R2 is a vector field, and Λ = (−∆)
1
2 and Λσ

are Fourier multiplier operators with Λ̂σf(ξ) = |ξ|σf̂(ξ) and

F((log(I −∆))γf)(ξ) = (log(I + |ξ|2))γ f̂(ξ).

In the case when σ = 0 and γ = 0, (1.49) reduces to the standard vorticity formulation
of the 2D Boussinesq vorticity equation (1.48). When either σ > 0 or γ > 0, the velocity
in (1.49) is more singular.

Our motivation for studying the global regularity of (1.49) comes from two different
sources: the first being the models generalizing the surface quasi-geostrophic equation

42



and the 2D hydrodynamics equations (see, e.g. the papers of Constantin, Iyer and Wu
[19], of Kiselev [35], of Chae, Constantin and Wu [11], and of Dabkowski, Kiselev and
Vicol [21], etc) and the second being the Boussinesq-Navier-Stokes system with critical
dissipation (see, e.g. Hmidi, Keraani and Rousset [31, 32] ). Our goal here is to extend
the work of Hmidi, Keraani and Rousset [31, 32] to cover more singular velocities and
explore how far one can go beyond the critical case.

(1.49) does have a corresponding velocity formulation. In fact, v satisfying u =
Λσ(log(I −∆))γv plays the role of the standard velocity.

Theorem 1.9.5. For classical solutions of (1.49) that decay sufficiently fast as |x| → ∞,
(1.49) is equivalent to the following equations

(1.50)


∂tv + u · ∇v −

2∑
j=1

uj∇vj + νΛαv = −∇p+ θe2,

∇ · v = 0, u = Λσ(log(I −∆))γv,
∂tθ + u · ∇θ = 0.

Our main result concerning the global regularity of solutions to (1.49) can be stated
as follows.

Theorem 1.9.6. Consider the generalized Boussinesq equations (1.49) with σ = 0 and
γ ≥ 0. Assume the initial data (ω0, θ0) satisfies

ω0 ∈ L2 ∩ Lq ∩B0,γ
∞,1, θ0 ∈ L2 ∩B0,γ

∞,1

for some q > 2. Then (1.49) has a unique global solution (ω, θ) satisfying, for any t > 0,

ω ∈ L2 ∩ Lq ∩ L1
tB

0,γ
∞,1, θ ∈ L2 ∩ L∞ ∩ L1

tB
0,γ
∞,1.

We remark that this is a global regularity result for the logarithmically supercritical
case. Although it is not clear if this global regularity result still holds for the more
singular case when σ > 0, we can still show that the L2-norm of the vorticity ω is
bounded at any time for 0 ≤ σ < 1

2
and γ ≥ 0. More precisely, we have the following

theorem.

Theorem 1.9.7. Consider (1.49) with 0 ≤ σ < 1
2
and γ ≥ 0. Assume (ω0, θ0) satisfies

the conditions stated in previous Theorem. Let (ω, θ) be the corresponding solution.
Then, for any t > 0,

∥ω(t)∥L2 ≤ B(t)

for a smooth function B(t) of t depending on the initial data only. In addition, G =
ω −Rθ satisfies the basic energy bound

(1.51) ∥G(t)∥2L2 +

∫ t

0

∥Λ
1
2G∥2L2dt ≤ B(t).

43



We explain how to prove Theorem (1.9.6). There are three key ingredients in the
proof. The first is to consider the combined quantity G = ω −Rθ, which satisfies

(1.52) ∂tG+ u · ∇G+ ΛG = [R, u · ∇]θ.

obtained by taking the difference

ωt + u · ∇ω + Λ(ω −Rθ) = 0

and
(Rθ)t +−→u · ∇(Rθ) = −[R, u · ∇]θ

The second is the following commutator estimate.

Proposition 1.9.1. Let u : Rd → Rd be a vector field. Let R = ∂x1Λ
−1 denote a Riesz

transform. Let s ∈ (0, 1), s < δ < 1, p ∈ (1,∞) and q ∈ [1,∞]. Then

(1.53) ∥[R, u]F∥Bs
p,q

≤ C1 ∥u∥B̊δ
p,∞

∥F∥Bs−δ
∞,q

+ C2∥u∥L2 ∥F∥L2 ,

When δ = 1, ∥u∥B̊δ
p,∞

is replaced by ∥∇u∥Lp.

A special consequence of Proposition 1.9.1 is an estimate for u related to ω as in
(1.49).

Corollary 1.9.1. Let u : R2 → R2 be a vector field determined by a scalar function ω
through the relations

(1.54) u = ∇⊥ψ, ∆ψ = Λσ (log(I −∆))γ ω,

where 0 ≤ σ < 1
2
and γ ≥ 0 are real parameters. Then, for any 0 ≤ s < 1−σ, p ∈ (1,∞)

and q ∈ [1,∞],

(1.55) ∥[R, u]θ∥Bs
p,q

≤ C ∥ω∥Lp∥θ∥Bs+σ−1
∞,q

+ C ∥u∥L2 ∥θ∥L2 ,

The proof of Proposition 1.9.1 makes use of the following commutator estimate.

Lemma 1.9.1. Let p ∈ [1,∞] and δ ∈ (0, 1). If |x|δϕ ∈ L1, f ∈ B̊δ
p,∞ and g ∈ L∞, then

(1.56) ∥ϕ ∗ (fg)− f(ϕ ∗ g)∥Lp ≤ C∥|x|δϕ∥L1∥f∥B̊δ
p,∞

∥g∥L∞ .

In the case when δ = 1, (1.56) is replaced by

(1.57) ∥ϕ ∗ (fg)− f(ϕ ∗ g)∥Lp ≤ C∥|x|ϕ∥L1∥∇f∥Lp∥g∥L∞ .

The third ingredient is to prove ω ∈ Lq when ω0 ∈ Lq with q ∈ [2,∞) through two
steps. The first step is
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Theorem 1.9.8. Consider (1.49) with 0 ≤ σ < 1
2
and γ ≥ 0. Assume that (ω0, θ0)

satisfies the conditions in Theorem 1.9.6, especially (ω0, θ0) ∈ Lq for q ∈ (2, 4
2σ+1

]. Let

(ω, θ) be the corresponding solution of (1.49). Then, for q ∈ (2, 4
2σ+1

) with γ > 0 and

q ∈ (2, 4
2σ+1

] with γ = 0, and any t > 0,

∥ω(t)∥Lq ≤ B(t),(1.58)

∥G(t)∥qLq + C

∫ t

0

∥G(τ)∥qL2q dτ ≤ B(t),(1.59)

where B(t)’s are smooth functions of t.

The second step is a proposition showing that ∥G∥L1
tB

s
q,1

≤ B(t).

Theorem 1.9.9. Consider (1.49) with 0 ≤ σ < 1
4
and γ ≥ 0. Assume that (ω0, θ0)

satisfies the conditions in Theorem 1.9.6. Let (ω, θ) be the corresponding solution of
(1.49). Let r, q and s satisfy

r ∈ [1,∞], s < 1− σ,
2

1− σ
< q <

4

1 + 2σ
.

In the case when γ = 0, we can take q = 4/(1 + 2σ). Then, for any t > 0,

∥G∥L̃r
tB

s
q,1

≤ B(t).(1.60)

Theorem 1.9.10. Consider (1.49) with σ = 0 and γ ≥ 0. Assume that (ω0, θ0) satisfies
the conditions in Theorem 1.9.6, especially (ω0, θ0) ∈ B0,γ

∞,1. Let (ω, θ) be the correspond-
ing solution of (1.49). Then, for any t > 0,

(1.61) ∥ω∥L1
tB

0,γ
∞,1

≤ B(t), ∥θ∥L1
tB

0,γ
∞,1

≤ B(t).

Proof of Theorem 1.9.10. ∥G∥L1
tB

s
q,1

≤ B(t) especially implies ∥G∥L1
tB

0,γ
∞,1

≤ B(t). Since

G = ω −Rθ,
∥ω∥B0,γ

∞,1
≤ ∥G∥B0,γ

∞,1
+ ∥Rθ∥B0,γ

∞,1
.

In addition,
∥Rθ∥B0,γ

∞,1
≤ ∥∆−1θ∥L∞ + ∥θ∥B0,γ

∞,1
≤ ∥θ0∥L2 + ∥θ∥B0,γ

∞,1

According to Lemma 1.9.2 below, we have

∥∇u∥L∞ ≤ ∥ω∥L2 + ∥ω∥B0,γ
∞,1
,

∥θ∥B0,γ
∞,1

≤ ∥θ0∥B0,γ
∞,1

(
1 +

∫ t

0

∥ω∥L2 dt

)
+ ∥θ0∥B0,γ

∞,1

∫ t

0

∥ω∥B0,γ
∞,1

dt.

∥ω∥B0,γ
∞,1

≤ ∥G∥B0,γ
∞,1

+ ∥θ0∥L2 + ∥θ0∥B0,γ
∞,1

(
1 +

∫ t

0

∥ω∥L2 dt

)
+ ∥θ0∥B0,γ

∞,1

∫ t

0

∥ω∥B0,γ
∞,1

dt.
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Lemma 1.9.2. Let θ satisfy
∂tθ + u · ∇θ = f.

Let γ ≥ 0 and ρ ∈ [1,∞]. Then, for any t > 0,

∥θ(t)∥B0,γ
ρ,1

≤
(
∥θ0∥B0,γ

ρ,1
+ ∥f∥L1

tB
0,γ
ρ,1

)(
1 +

∫ t

0

∥∇u∥L∞ dt

)
.

Theorem 1.9.11. Consider (1.49) with σ = 0 and γ ≥ 0. Assume (ω0, θ0) satisfies the
conditions stated in Theorem 1.9.6. Let (ω, θ) be the corresponding solution. Then, for
any q ≥ 2,

(1.62) ∥ω(t)∥Lq ≤ B(t).

Proof. It is clear from (1.52) that, for any q ≥ 2,

∥G∥Lq ≤ ∥G0∥Lq +

∫ t

0

∥[R, u · ∇θ]∥Lq dt.

According to the commutator estimate of Proposition 1.9.2 below,

∥G∥Lq ≤ ∥G0∥Lq +

∫ t

0

∥ω(s)∥Lq ∥θ(s)∥B0,γ
∞,1

ds.

Therefore,

∥ω(t)∥Lq ≤ ∥θ0∥Lq + ∥G0∥Lq +

∫ t

0

∥ω(s)∥Lq ∥θ(s)∥B0,γ
∞,1

ds.
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continuous solutions of the Boussinesq equations, Nagoya Math. J. 155 (1999), 55-
80.

[15] D. Chae and H.-S. Nam, Local existence and blow-up criterion for the Boussinesq
equations, Proc. Roy. Soc. Edinburgh Sect. A 127 (1997), 935-946.

[16] D. Chae and J. Wu, The 2D Boussinesq equations with logarithmically supercritical
velocities, Advances in Math. 230 (2012), 1618-1645. See also arXiv:1111.2082v1
[math.AP] 9 Nov 2011.

[17] D. Chae and J. Wu, Logarithmically regularized inviscid models in borderline
Sobolev spaces, submitted to a special issue dedicated to Professor Peter Constantin
on the occasion of his sixtieth birthday.

[18] P. Constantin and C.R. Doering, Infinite Prandtl number convection, J. Statistical
Physics 94 (1999), 159-172.

[19] P. Constantin, G. Iyer and J. Wu, Global regularity for a modified critical dissipative
quasi-geostrophic equation, Indiana U. Math. J. 57 (2008), 2681-2692.

[20] P. Constantin and V. Vicol, Nonlinear maximum principles for dissipative linear
nonlocal operators and applications, arXiv:1110.0179v1 [math.AP] 2 Oct 2011.

[21] M. Dabkowski, A. Kiselev, V. Vicol, Global well-posedness for a slightly supercrit-
ical surface quasi-geostrophic equation, arXiv:1106.2137 [math.AP] 10 Jun 2011.

[22] R. Danchin, Remarks on the lifespan of the solutions to some models of incompress-
ible fluid mechanics, arXiv:1201.6326 [math.AP] 30 Jan 2012.

[23] R. Danchin and M. Paicu, Existence and uniqueness results for the Boussinesq
system with data in Lorentz spaces, Phys. D 237 (2008), 1444–1460.

[24] R. Danchin and M. Paicu, Global well-posedness issues for the inviscid Boussinesq
system with Yudovich’s type data, Comm. Math. Phys. 290 (2009), 1–14.

[25] R. Danchin and M. Paicu, Global existence results for the anisotropic Boussinesq
system in dimension two, Math. Models Methods Appl. Sci. 21 (2011), 421–457.

[26] W. E and B. Engquist, Blowup of solutions ot the unsteady Prandtl’s equation,
Comm. Pure Appl. Math. L (1997), 1287-1293.

[27] W. E and C. Shu, Samll-scale structures in Boussinesq convection, Phys. Fluids 6
(1994), 49-58.

48



[28] A.E. Gill, Atmosphere-Ocean Dynamics, Academic Press (London), 1982.

[29] T. Hmidi and S. Keraani, On the global well-posedness of the two-dimensional
Boussinesq system with a zero diffusivity, Adv. Differential Equations 12 (2007),
461–480.

[30] T. Hmidi and S. Keraani, On the global well-posedness of the Boussinesq system
with zero viscosity, Indiana Univ. Math. J. 58 (2009), 1591–1618.

[31] T. Hmidi, S. Keraani and F. Rousset, Global well-posedness for a Boussinesq-
Navier-Stokes system with critical dissipation, J. Differential Equations 249 (2010),
2147-2174.

[32] T. Hmidi, S. Keraani and F. Rousset, Global well-posedness for Euler-Boussinesq
system with critical dissipation, Comm. Partial Differential Equations 36 (2011),
420-445.

[33] T. Hou and C. Li, Global well-posedness of the viscous Boussinesq equations, Dis-
crete and Cont. Dyn. Syst. 12 (2005), 1-12.

[34] C.E. Kenig, G. Ponce, L. Vega, Well-posedness of the initial value problem for the
Kortewegde Vries equation, J. Amer. Math. Soc. 4 (1991), 323347.

[35] A. Kiselev, Nonlocal maximum principles for active scalars, Adv. Math. 227 (2011),
1806–1826.

[36] A. Larios, E. Lunasin and E.S. Titi, Global well-posedness for the 2D Boussinesq
system without heat diffusion and with either anisotropic viscosity or inviscid Voigt-
a regularization, arXiv:1010.5024v1 [math.AP] 25 Oct 2010.

[37] J.-L. Lions, R. Temam and S. Wang, A simple global model for the general circu-
lation of the atmosphere, Comm. Pure and Appl. Math. 50 (1997), 707-752.

[38] A.J. Majda, Introduction to PDEs and Waves for the Atmosphere and Ocean,
Courant Lecture Notes in Mathematics 9, AMS/CIMS, 2003.

[39] A.J. Majda and A.L. Bertozzi, Vorticity and Incompressible Flow, Cambridge Uni-
versity Press, 2001.

[40] A.J. Majda and M.J. Grote, Model dynamics and vertical collapse in decaying
strongly stratified flows, Phys. Fluids 9 (1997), 2932-2940.

[41] C. Miao, J. Wu and Z. Zhang, Littlewood-Paley Theory and its Applications in
Partial Differential Equations of Fluid Dynamics, Science Press, Beijing, China,
2012 (in Chinese).

[42] C. Miao and L. Xue, On the global well-posedness of a class of Boussinesq- Navier-
Stokes systems, NoDEA Nonlinear Differential Equations Appl. 18 (2011), 707-735.

49



[43] C. Miao and L. Xue, On the regularity of a class of generalized quasi-
geostrophic equations, J. Differential Equations 252 (2012), 792-818. Also available:
arXiv:1011.6214v1 [math.AP] 29 Nov 2010.

[44] H.K. Moffatt, Some remarks on topological fluid mechanics, in: R.L. Ricca (Ed.),
An Introduction to the Geometry and Topology of Fluid Flows, Kluwer Academic
Publishers, Dordrecht, The Netherlands, 2001, pp. 3-10.

[45] J. Pedlosky, Geophysical Fluid Dyanmics, Springer-Verlag, New York, 1987.

[46] T. Runst and W. Sickel, Sobolev Spaces of fractional order, Nemytskij operators
and Nonlinear Partial Differential Equations, Walter de Gruyter, Berlin, New York,
1996.

[47] H. Triebel, Theory of Function Spaces II, Birkhauser Verlag, 1992.

50


